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J is usedin the presentationof some elementary
conceptsgiven in an introductory statistics text. The
emphasidgs on the developmenbf the statisticalmaterial
ratherthan on J with the languagebeing introducedand
discussednly as requiredfor an orderly presentatiorof
the topics in the text.

Introduction

Writing in 1991 on the 25th anniversaryof APL,
Kenneth Iverson remarkedthat "... Although APL has
been exploited mostly in commercial programming, |
continueto believethatits mostimportantuseremainsto
be exploited:as a simple, precise,executablenotationfor
the teachingof a wide rangeof subjects.” J, a modern
dialectof APL, may be regardedsimilarly as a notation
thatwill simplify andextendthe computationabspectsof
any presentation and thus help give a greater
understanding of the subject under discussion.

Becauseof the succesf APL in a wide variety of
commercialjndustrialandscientificapplicationsand also
becauseof the enthusiasmwith which the languagehas
beenusedby its devoteedor over twenty-five years,the
original intent of the languagehasoften beenoverlooked
or even forgotten. Now that J is attracting increasing
attentionbothwithin andoutsidethe APL community,the
time may be appropriate to emphasire useof APL and
J as a tool for expositionin the teachingof a specific
topic.

To illustrate this themewe have usedJ to develop
mostof the computationsn Understanding Data by Peter
Sprent.Statisticaltopics discussedvere takenfrom such
areasas the tabular organizationof data, stem-and-leaf
diagrams, frequency distributions, data summaries,
graphical presentation, off-the-cuff  exploratory
calculationsyrankingmethodsjndex numbers simulation
and sampling, regression analysis, and smoothing
methods.Throughoutthis work the emphasisvas on the
presentatiorof statisticalideaswith J beingintroducedas
unobtrusivelyaspossibleasan aid to their understanding.
Suchan approachmay be contrastedvith a discussionof
J with examples chosen from statistics to illustrate

languageconcepts,an approachwe like to think is still
respectable.

This work has beeninfluencedby a study of Teach
Yourself Business Japanese by Michael Jenkins and Lynne
Strugnellwhich is in the well-known and very successful
"Teach Yourself Books" series. After an introductory
chapter on Japanesesyllabics, each of the subsequent
chaptersbeginswith an installmentof a continuing story
in Japaneséollowed by a list of new vocabulary,notes,
further examplesof the vocabulary and grammar just
introduced, exercises,and a short essayin English on
someaspectof Japaneseulture or businesgractice.The
point to emphasizenhereis that the Japanesdéanguage-
vocabulary, grammar, style and polite usage - is
introducedin the contextof the continuingstory of a Mr.
Lloyd of the OverseasPlanningDepartmentof a British
sportinggoodsfirm andhis relationsbothin Japanandin
Britain with the company'slapaneseepresentativegWe
learn, for example,phrasesndispensabldor conducting
businessn JapansuchasBiiru ni shimasho ka "Shall we
have a beer?"and Biiru o0 mo ip-pon kudasai "Another
beer, please.”)

Of course,Kennethlversonhasadvocatedor many
yearsthe similarities betweenthe teachingof APL, and
now J, andthe teachingof a naturallanguage An early
paperon this subjectis Iverson(1980). As with learning
Japanes®r any other naturallanguageso in the present
paperthe J languageis introducedand usedin a realistic
setting.

A detaileddiscussionof the material summarizedn
this papemaybefoundin Smillie (1996),the structureof
which hasbeeninfluencedby the Japanes&ext referredto
above.In the presentpaperwe shall restrictthe examples
to a few taken from the tabular presentationof data,
summary statisticgxploratorycalculationsandsampling
methods.

Notation

The introductoryremarkson J may be restrictedto a
few simple examplesillustrating valenceand precedence
of verbs, defined verbs, adverbsand conjunctions,and



possiblyforks. The following are the examplesgiven in
the present study:

3+5 Plus
8
3-5 Minus
2
2*3 Times
6
15%6 Divided by
25
% 2.5 Reciprocal
0.4
2*3+4 Precedence
14
2*3)+4
10
% 15 % 6 Ambivalence
0.4
+/1234 Sum
10
w=.2.35356
+/w Sum
16.8
#w Tally
4
(+/w) % #w Arithmetic mean
4.2
(+ % #)w Fork
4.2
am=. +/ % # Defined verb for
amw mean
4.2
+/ % # w Not the mean!
0.25
w<4 Less than
1010
+w<4 Number of items
2 less than 4
15 (<. @ %) 6 Floor atop divided by
2
div=.<. @ % Integer division
15 div 6
2
(div&10) 123 Bond (Integer division
12 by 10)
10| 123 Residue
3

At the endof the statisticalpresentatiorin each
of the sectionsof the work summarizedhere the verbs,
adverbsand conjunctionsthat have beenintroducedare
given in a box followed by a brief discussion.As an
illustration the following box gives the parts of speech
introducedin this sectionand shows,for example that %

representghe monadic verb reciprocal and the dyadic
verb divided by, andthat/ is the adverbinsert and @is
the conjunctioratop.

+ - Plus

- Minus

- Times
Reciprocal - Divided By
Tally -

- Lessthan
Floor -

- Residue
Insert -
Atop
Bond
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Data organization

Data used in several of the examplesin Sprent
representn company'scomputerdowntimein minutesfor
May 1984andappeaiin thetextasTablel.2. Thesedata
aregivenin J astable T12 with 95 rowsand5 columns
wherethe rows represeniindividual breakdownsand the
columns representdate, time of breakdown,equipment
involved, anddurationin minutes,respectively. The type
of equipmentis coded as follows: 0 No breakdown,1
CPU, 2 Disk drive, 3 Graphplotter, 4 Printer,5 Service
and6 Tapereader.Thefirst five rows of the table,which
is given in the Appendix, are

18424 49

210352 18

215291123

217351 3

3 00O
which show, for example,that on May 1 there was a
Printerbreakdownof 49 minutesstartingat 8:42, on May
2 therewerethreebreakdownghefirst beinga Disk drive
breakdowrof 18 minutesstartingat 10:35,andon May 3
there were no breakdowns.

Individual columns of this table may be easily
selected, and

X=.3{"1T12
gives the durations

491812330872172411 ...
in the last column and

E=.2{"1T12
gives the type of failures

4211064444 ..
in the third column. Since a day without an equipment
failure is representedby an item in E equalto O, the
correspondingtems of X mustbe removed.This may be
accomplished by



D=.(E>0)#X
so thatD has the value

4918123387217241119... .
The items of D may be displayedconvenientlyas a table
with 10 rowsand9 columnsby the expressiorl0 9$D
which has the value

49 18123 3 87 21 72411

19243 38 11 18 32101 632

27 41 3 251924212215 7

6 218 42 24 7 91410
30 23141 7102 83 291115
7 6 8121 4 23 421831
25 42 6339 19 27

5 9 3221720 5318

142 51 18 41 9 9 271433

128 34 18232179143181 614
This table corresponds to Table 1.2 in Sprent.

Somevery simple J expressiongnay be usedto give
some information about these data. For example, the
number of breakdownsis #D or 90, the shortest
breakdown i<./D or2 minutes and the longeist>./D
or 339 minutes,andthe averagebreakdownis amD or
44.9 minutes. The expression> 60 is equal to

0010100000..
wherethe 1s correspondo breakdowngyreaterthan one
hour and+/D > 60 or17 istheirnumber.Therequired
percentage of breakdowns is thus

100 * (+/D > 60) % #D
which has the valu#8.89 .

The numberof breakdowndessthan10 minutesin
lengthis +/D < 10 or 24. Similarly, the number of
breakdowndessthan20 minutesis +/D < 20 or 46,
lessthan30 minutesis +/D < 30 or 59, lessthan40
minutesis +/D < 40 or 66, etc. Thusthe numberof
breakdowns betwedhand9 is 24, betweenl0 and19 is
22, between20 and?29 is 13, between30 and39 is 7,
etc.

The expressio = 1 which is equal to

0011000000..
indicatesthatthe third, fourth, ... failuresweredueto the
CPU. Therefore the total number of CPU failures is
+/E = 1 or 19. Thetotal numberof failuresof the Disk
drive is +/E = 2 or 13. Similarly the total numberof
failuresfor the Graphplotter, Printer, Servicing,and the
Tapereaderare9, 29, 2 and 18, respectively.The total
number of failures i$/19 13 9 29 2 18 or90. The
total number of failures for eadiipe of equipmenimaybe
found more simply by the expression

+/ E=/123456
which is the list19 13929 2 18
failures of each type is given by

5.1":100* 1913929 2 18 % 90

1211 3

. The percentagef

which is equal to

21.114.410.032.2 2.2 20.0 .

The calculationsin this sectionrequirethe following
J verbsandadverbsn additionto thoseintroducedin the
previous section:

- Equal

- Lesser Of
- Larger Of
- Shape

- Copy

- From

- Format

- Table

"  Rank -

I BV A

~

They may mentionefriefly during the presentatiorof the
statisticalmaterialandillustratedat the end of the section
with further examples and exercises.

Data summaries

Whereas albf the calculationsn the previoussection
weredonewithout the aid of definedverbs(exceptam for
the arithmetic mean), we shall now use a number of
defined verbs to continue our analysisof the computer
breakdowndata. Theseverbsare listed at the end of the
sectionbut their definition will not be discussedduring
their use. The interestedademay wish to studya few of
them, possiblyconsultingSmillie (1995,1966)wherethey
are discussed in detail.

The downtimes for the Graph plotter are given by

G=.(E=3)#X
which has the value

3829442182720933
Thesetimes may be sortedby the expressiorsort G to
give

4918 202729333842

A stem-and-leafdiagramis given by SLitems G
and is

0 |4 9

101]8

20]0 7 9

30|3 8

40|2
I I

the interpretationof which is apparenfrom the abovelist
of sorted frequencies.




The arithmetic meanof the downtimesis am G or
24.4 . An appreciationof the distribution of the datais
given by what Sprent calls a five-statistic summary
consistingof the minimum value, the first quartile, the
secondquartile or median, the third quartile and the
maximumvlaue which for the presentdataare given by
five G which is the five-item list

41352735542

The stem-and-laf diagram shown gives only those
stemvaluescorrespondindo valuesgreaterthan zero. If,
for example, there were no downtimestweerntwentyand
thirty-nine minutes, inclusivehe diagram would have
only three rows corresponding $teemvaluesof 0, 10 and
40 minutes,and might give a misleadingimpressionof
the rangeof data.Therefore,it would be usefulto be able
to displaythe valuesin intervalsover the completerange
of the data. This may be accomplishedby the verb
cfrtab  which gives a two-columnfrequencytable with
the midpointsof the intervalsin the first columnandthe

corresponding frequencies in the second. The expression

~0.5105cfrtab G
gives the following frequency tabfer the durationsof the
graphdowntimeswherethereare5 intervalsof width 10
starting at 0.5 :

452

1451

2453

3452

4451
A frequency table for all of the downtimBgs given by

~0.5104 cfrtab D
the first seven and last three rows of which are

4524

14.5 22

24513

345 7

445 6

545 1

64.5 0

3345 1

The following is a list of the defined verbs used in this

section:
sort=. [:~
stem=. 10&* @ div&10
leaf=. 10&|
SLitems=. (~. @ stem ;"0 stem </.
leaf) @ sort
am=. +/ % #
g2=.[am(<.>) @ - @ <: @ #{]
median=. g2 @ sort

q1=.92 @ ((q2>]) #])

Q1=. g1 @ sort
03=.92 @ ((q2<]) #])
Q3=. 93 @ sort

five=. ({.,q1,92,q3.{:) @ sort

cfrpts=. - @(1&{) + {. + 1&{ *i.@{:

cir=. @@ rfr [[ < (q - {@) %
1&{@[

cfrtab=. cfrpts@] ,. cfr

rfr=. +/"1 @ (=/)

Graphics

Statistical calculations1 J may be supplementety a
numberof different graphicspackagesOne very popular
one is GNUPLOT, an interactive plotting program
availableby anonymoudtp at severalsites.Commercially
available spreadsheetssuch as Microsoft Excel or
integrated packages such as Microsoft Works offer
excellentgraphicscapabilities.Communicatiorbetween]
and whatever package is used is providgthe Clipboard
which may be accessedfor example, using the verbs
CLIPwrite andCLIPread discussed ismillie (1995).
The graphicsgiven in this paper have been produced
using Microsoft Works.

The barcharton the next page gives the frequency
distribution of downtimesfound in the previoussection,
and is followed by a pie chart giving the percentage
frequencies for the various downtimes.

A feeling for numbers

Sprentdevotesa chapterto a few simple examples
intended to givehe readersomeexperiencen performing
meaningful arithmetiin situationswherea hastydecision
or carelesslydone calculationsmight give incorrect or
misleadingresults. In this sectionwe shall discusssome
of these examples usidgas a simple calculator shatwe
may concentrateour attention on the meaning of the
calculations.

In one examplewe are askedto decidewhetherit is

more profitable to invest £100 for one year at 10.5 per cent

per annum compoundedannually or at 10.3 per cent
compoundedsemiannually.In the first schemethe 100

pounds will have increased to
100 + 0.105 * 100

or110.50 pounds. In the second scheme b8 pounds

will have increased to
100 + 0.103 * 0.5 * 100

or 105.15 poundsat the end of six months, and this

amount will have increased to
105.15 + 0.103 * 0.5 * 105.15

or 110.565 poundsatthe endof the secondsix months.
Thereforethe secondschemeis the more profitable by
110.57 - 110.50 or7 pence.
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It is of interestto find the annualizedoercentageate
equivalent tca given percentageate compondednonthly.
For example,one poundowed at a monthly rate of 2 per
centbecomesl.02 poundsat the end of the first month,
1.0Z atthe endof 2 months,and eventually1.02? at the
endof 12 months.Thus1 poundat the endof a yearhas
increasedto 1.02 ~ 12 or 1.268 pounds,and the
annualizednterestrate equivalentto a monthly rate of 2
per cent i26.8 per cent.

We shall calculate a short table of annualized
percentageatesfor a given rangeof monthly percentage
rates given by the list whose value is

11522534
The amountof one poundat the end of a monthfor each
of these rates is

ml=.1+r % 100
or

1.011.0151.021.025 1.03 1.04 ,
and the amounts afté2 months are

m12=. m1712
or

1.12683 1.19562 1.26824 1.34489

1.42576 1.60103

Therefore, the annualized percentage rates are
APR=.100*1|ml2

which may be displayedin a two-columntable together

with the corresponding monthly rates by the expression
8.1"r, APR

which has the value

1.0 127
15 19.6
20 26.8
25 345
3.0 426
40 60.1

In orderto give an idea of the effect of the size of
numbersoccurringduring a calculationon the accuracyof
the final result we are asked to consider

450 449% 448x ... x 440
divided by
461x 460x 459 ... x 451

which is equal to 0.7644. Becauseof the size of the
productsthat are accumulatedwhile calculatingeach of
the numeratorand denominator,Sprent suggeststhat a
reasonable@rderfor performingthe calculationswould be
450divided by 461, thenmultiplied by 449, thendivided
by 460, and continuingin this mannertaking successive
arguments alternately from the numerator and the
denominatorThe calculationmay be donesimply in J by
the expression

(*/450 - i. 11) % */ 461 -i. 11
giving the value 0.7644359  which agreeswith the
correct value in Sprent.

The examplein the last paragraphmight raise the
guestionof the numberof significant digits retainedin a
calculation inJ. One answer is given Bxamininga table
of powers o2 given by the expression

5.020.0"(],. 2&") i. 56
The first five and last five rows of this table are
1
2
4
8
16

A WMNEFO

51 2251799813685248

52 4503599627370496

53 9007199254740992

54 18014398509481980

55 36028797018963970
It is apparenthat 254 cannotpossiblybe correctsince
the least significant digit of any positive power of two
mustbe 2, 4, 6 or 8. Furthermorethe correctnessf the
powersof two up to andincluding 2°53 may be verified
by consultinga book of mathematicatablesor by manual
calculation.Thus we seethat calculationsare performed



in J to an accuracy of about fifteen significant digits.

Simulation

The following table givesthe numberof typos found
on each page of a nine-page manuscript:

123456 789

0319471182
The meannumberof errorsper pagemay be found simply
as(+/{:T151)% 9, whereT151 representshe above
table, andis equalto 5. However,Sprentusesthesedata
to introducethe conceptof a sampling distribution and
estimates theneanby finding the distributionof the mean
numberof errorsin all 126 samplesf size4 pagegaken
from the9 pages.

Let usintroducethe definedverb COMBor giving all
combinationsof the items in the list right argumentof
length specifiedby the integerleft argument,where, for
example2 COMB ‘cat' s the table

ca

ct

at .

All samples of four pages ageneratedery simply by the
expression

c=. 4COMB {:T151

which gives a table with26 rows and4 columnsthe first
five rows of which are

0319

0314

0317

03111

0318
The first row of this table gives the errorsmagesl, 2, 3
and4, the secondthe errorson pagesl, 2, 3 and5, etc.
The meannumberof errorsin eachof thesecombinations
is given bym=. am"1 ¢ , which is equal to

3.2522.753.753 ...
showingthatthe meannumberof errorson pagesl, 2, 3
and4 is 3.25 , on pagesl, 2, 3 and5 is 2, etc. The
meanof thesemeansis am mor 5. Finally, a frequency
table of the means is given by

t=. 0.250.5 18 cfrtab m

A similar sampling experiment but with the 36
samples of siz@ is given by the expression

t1=. 0.25 0.5 18 cfrtab m1=. am"1

7 COMB {:T151 ,

and we have thahm m1 is5.

These results may be used to give the following
barchart:

Frequency table of means

187 n
16+ n
F o4
" -
o 12t g
ad 10+
u .
e 8
n 61
c
y 4
o) |
1o Wil oo

0.5 1.5 2.5 35 45 55 6.5 7.5 85
Value of mean
L] n=4

It may be seenfrom this chart that thereis much less
variability in the meanswhen they are estimated by
samples of siz& than by samples of siZe

The combinationsverb COMBmay be used without
discussionin further sampling experiments. Also, if
desired, its definition,

COMB-=. ([ comb #@]) { ]

comb=. |.@ptt # i.@]

ptt=. (+/"1 @ tt@] e. ) # tt@]

tt=.# @i. @ (2&") ,
may be used to introduce the important topics of
permutationsand combinationsand of truth tables as
given in Smillie (1995). An alternative, and more
thorough discussiorof thefirst of thesetopicsis givenin
Iverson (1991a).

n=7
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Appendix. Computer breakdowns for May 1984

1 842 4 49|13 1516 4 42|23 931 6 12
2 1035 2 18|14 1759 2 24|23 952 6 11
2 1529 1 123|15 803 4 7123 1005 6 3
2 1735 1 3115 817 4 9123 1017 6 5
3 00 0|15 831 4 14|23 1024 6 9
4 1109 6 87|15 847 4 10|23 1038 6 3
4 1907 4 21|15 905 4 30|23 1402 1 22
4 2033 4 7115 942 4 23|23 1823 1 17
4 2051 4 24|15 1009 4 141|24 00 0
5 835 4 11|15 1240 4 7125 2129 3 20
5 922 4 19|15 1249 4 102|26 1340 6 5
6 900 5 243|15 1947 1 83|26 1545 6 3
7 1525 3 38|16 1429 3 29|26 1550 6 18
8 947 1 11|17 00 0|27 955 1 142
8 1010 1 18|18 00 0|27 1235 1 51
9 1432 2 32|19 1033 2 11|27 1707 2 18
9 1527 1 101|119 1102 2 15|27 1729 2 41
9 1712 1 6|19 1221 2 7127 1944 4 9
9 1809 6 32|19 1234 2 6|28 1137 3 9
9 1931 4 27|19 1247 2 8128 1430 6 27
9 2122 1 41|19 1342 2 121|28 1504 6 14
10 805 4 3119 1829 3 4129 913 3 33
11 1331 4 25|20 1328 6 23|29 952 1 128
11 1447 4 19|20 1700 3 42|29 1244 1 34
11 1702 6 242|120 1748 3 18|29 1359 6 18
12 00 0|21 904 6 31|29 1505 1 232
13 1022 1 122|21 1227 2 25|29 1901 1 179
13 1403 4 15|21 1513 4 42|29 2206 1 143
13 1422 4 7121 1907 4 6|30 801 1 181
13 1433 4 6|22 800 5 339|30 1212 4 6
13 1445 4 2122 1926 2 19|31 2105 6 14
13 1451 4 18|22 2240 3 27

The columns represent date, time of breakdown, type of
breakdown andengthin minutes.The type of equipmenis coded
as follows: 0 No equipment,1 CPU, 2 Disk drive, 3 Graph
plotter,4 Printer,5 Service an® Tape reader.



