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Abstract

An introduction to someof the key ideasin computer graphics is given. Modeling, 2D and 3D viewing,
transformations and related ideas from linear algebra are preserted.
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1 Intro duction

Computer graphics deals with the problem of image synthesis. Given a model (usually mathematically
based) the problem of computer graphics is to produce realistic image data which may be viewed on a
graphics display device. The processof producing the image data from the scenemodel is called rendering
That imagesare synthesizedfrom mathematical models implies that computer graphicsis a mathematcally
basedsubject. Image synthesis involvesthe physics of light, properties of materials, etc. Animated imagery
involves simulation theory, nite elemen analysis, kinematics, sampling theory and other mathmatically
based elds. The study of computer graphics necessarilyinvolvesthe study of many areasof mathematics.
In the following sectionswe give an elemenary view of someof thesetopics. Students who have an interest
in computer graphics should study as much mathematics as possible.
The reverseproblem of starting with image data and recovering information is called image processing

2 2D Viewing

We now consider the problem of represening 2D graphics imageswhich may be drawn as a sequenceof
connectedline segmerms. Sud imagesmay be represenied as a matrix of 2D points  z; y; .

The J programming notation [Hui 2007 is usedto describe the viewing transformations and data object
represenations.

For example:

[ square =: 52 $ 00 10 0 10 10 0 10 0 O
0 O
10 0
10 10
0 10
0 O



represerts the squareshown in Figure 1

(0,10)|  (10,10)

(0,0) (10,0)

Figure 1: A Square

The idea behind this represenation is that the rst point represerts the starting point of the rst line
segmen drawn while the secondpoint represens the end of the rst line segmen and the starting point of
the secondline segmeh. The drawing of line segmetts continuesin similar fashion until all line segmens
have been drawn. A matrix having n + 1 points describesa gure consisting of n line segmens. It is
sometimesuseful to think of eat pair of consecutiwe points in this matrix represenation,

Ti 1 Yi 1
T Yi

asasa vector sothat the squareshown in Figure 1 is the result of drawing the vectors shown in Figure

2.
(0,10) (10,10)
(0,0) (10,0)
Figure 2: The Vectorsin A Square
3 Rotation

Supposewe wish to rotate a gure around the origin of our 2D coordinate system. Figure 3 shows the point

(z,y) being rotated 6 degrees(by corvertion, courter clock-wise direction is positive) about the origin.
The equationsfor changesin the z and y coordinates are:

=2 cos(8) vy sin(6)

0= 4

x
Y sin(0) + y  cos(6) (1)



x.y)

\ (xy)

Figure 3: Rotating a Point About the Origin

If we consider the coordinates of the point (z,y) as a one row two column matrix = y and the
matrix
cos(0) sin(6)
sin(0) cos(H)

then, giventhe J de nition for matrix product, mp =: +/ . *, we canwrite Equations (1) asthe matrix
equation
o o _ cos(0) sin(6)
R sin(0) cos(0) )

We can de ne a J monad, rotate, which producesthe rotation matrix. This monad is applied to an
angle, expressedn degrees.Positive anglesare measuredin a counter-clockwise direction by convenrtion.

rotate =: monad def ’2 2 $ 11 _11*x2112o0. (0. y.) % 180’

rotate 90
01
10
rotate 360
1 _2.44921e_16
2.44921e_16 1

We can rotate the squareof Figure 1 by:

square mp rotate 90
0 O
0 10
_10 10
_10 0
0 O

producing the squareshown in Figure 4.

4 Scaling

Next we considerthe problem of scaling (changing the size of) a 2D line drawing. Size changesare always
made from the origin of the coordinate system. The equationsfor changesin the x and y coordinates are:

3)

As before, we considerthe coordinates of the point (x,y) asa onerow two column matrix =z y and
the matrix
Sz O
0o S,



(-10,10) | (0,10)

(-10,0) (0,0

Figure 4. The Square,Rotated 90 Degrees

then, we can write Equations (3) asthe matrix equation

S, 0

0 0o — x

Y= ey m g g (4)
We next de ne a J monad, scale, which producesthe scalematrix. This monad is applied to a list of

two scalefactors for x and y respectively.

scale =: monad def ’2 2 $ (0 { y.),0,0,(1 { y.)’
scale 2 3
20
03
We can now scalethe squareof Figure 1 by:

square mp scale 2 3
0 O
20 O
20 30
0 30
0 O

producing the rectangle shown in Figure 5.

5 Translation

The third 2D graphicstransformation we consideris that of translating a 2D line drawing by an amount 7,
along the z axis and T,, along the y axis. The translation equations may be written as:

0= z+ T,
v 5
y0: y+ Ty ( )
We wish to write the Equations 5 asa single matrix equation. This requiresthat we nd a 2 by 2 matrix,

a b
c d

suchthat x a+y c¢= x+ T,. From this it is clearthat « = 1 and ¢ = 0, but there is no way to obtain
the 7, term required in the rst equation of Equations 5. Similarly we must havex b+ y d= y+ T,.
Therefore, b = 0 and d = 1, and there is no way to obtain the T, term required in the secondequation of
Equations 5.



(0,30) (20,30)

(0,0) (20,0)

Figure 5: Scalinga Square

5.1 Homogenous Coordinates

From the above argument we now seethe impossibility of represeriing a translation transformation as a
2 by 2 matrix. What is required at this point is to changethe setting (2D coordinate space)in which we
phrased our original problem. In geometry, when one encounters di cult y when trying to solve a problem
in n space,it is customary to attempt to re-phraseand solve the problem in n + 1 space. In our casethis
meansthat we should look at our 2D problem in 3 dimensional space. But how can we do this? Consider
that, given a point (z,y) in 2 space,we map that point to (z,y,1). That is, we inject ead point in the 2D
plane into the corresponding point in 3 spacein the plane z = 1. If we are able to solve our problem in this
plane and nd that the solution liesin the plane z = 1, then we may project this solution badk to 2 space
by mapping ead point (z,y,1) to (z,y).
To summarize, we inject the 2D plane into 3 spaceby the mapping

(z,9) ! (2,9,1) (6)

Then we solve our problem, ensuring that our solution lies in the plane z = 1. Our nal answer is
obtained by the projection of the plane z = 1 on 2 spaceby the mapping

(2,9, 1)1 (2,9) ()

This processis referred to as using homayen@us coordinates. In the context of our problem ( nding
matrix represernations of rotation, scaling and translation transformations) we must inject our 2D line
drawings into the plane z = 1. In J we do this by using stitch, , ..

square ,. 1
0 01
10 01
10 10 1
010 1
0 01

We now must rewrite the Equations 5 as

I
Ny
+ +
S5

(8)

IS IS ]

Considerthe 3 by 3 matrix



NN
or
&3
L o
!
kOO
o w

We now seethat the Equations 8 may be written asthe matrix equation

2 3
1 0 O
2 4% 1 = 2z y 1 mpd0 1 053 9
T, T, 1

We de ne the J monad translate, which is applied to a list of two translate values 7, T, .

translate =: monad def ’33$4100 010 ,vy. , 1’
translate 10 _10

1 00
0 10
10 _10 1

We translate the squareof Figure 1 by

(square ,. 1) mp translate 10 _10

10 _10 1
20 _10 1
20 01
10 01
10 _10 1

5.2 Eciency of Transformations

Notice that the translate matrix (having a last column 0 0 1) always producesa result which lies in the
plane z = 1. We can perform the translation operation and project the result badk on the 2D plane (saving
computation time by not doing unnecessarymultiplications and additions) by

(square ,. 1) mp 3 2 {. translate 10 _10

10 _10
20 _10
20 O
10 O
10 _10

producing the translated squareshown in Figure 6

(10,0)  (20,0)

(10,10) (20, 10)

Figure 6: Translating a Square



6 Scaling and Rotation

Using Homogeneous Coordinates

We want to be able to combine sequencesof rotations, scaling and translations together as a single 2D

graphics transformation.

We accomplish this by simply multiplying the matrix represenations of eath

transformation using matrix multiplication. However, to do this, we must go badk and rewrite the Equations
1 and 3 asthe following:

2=z cos(0) y sin(6)
0=z sin(@)+y cos(6)
0= 2

2=z S,
w=y S,
ZOZ V4
Similarly we rewrite the matrix Equations 2 and 4 as:
2

3
cos(f) sin(f) O

2 9 1 = z y 1 mpd sin(d) cos(d) 05
0 0 1
2 3
S 00
®© 41 = 2z y 1 mp4 0 S, 03
0 01

We extend our earlier J de nitions of rotate and scale to the homogenouscoordinate system.

rotate =: monad def ’((2 2 $ 11 _11%2112o0. (0. y.) % 180),.0),00 1°
rotate 180

1 00
0_10
0 01
(square ,. 1) mp 3 2 {. rotate 180

0 0
_10 0
_10 _10
0 _10

0 0

(10,0) (0,0

(10,10) | (0, 10)

Figure 7: Rotating a Square180 Degrees

(10)

(11)

(12)

(13)



scale =: monad def ’33$ (0{y.), 000, (1 {y.), 0001
scale 2 3

S O N
O w o
= O O

(square ,. 1) mp 3 2 {. scale 2 3
0 O
20 O
20 30
0 30
0 O

Figure 5 shows the resulting scaledsquare.

7 Combining Transformations

We can now combine together two transformations to form a single graphics operation. For example, suppose
we wish to rst rotate an object 90 degreesand then scalethe object by 2 along the = axis.
The rotation would be expressedas:

[r =: rotate 90

010
2100
001

Then the scaling operation would be expressedas:

[s =: scale 2 1

O ON
O = O
= O O

Applying these operations to the square,we have:

(((square ,. D mp 32{. ) ,. Dmp32{. s
0 O
0 10
_20 10
_20 O
0 O

7.1 Eciency of Operations

However, notice that

(square ,. 1) mp 3 2 {. r mp s
0 O
0 10
_20 10
_20 O
0 O

producesthe sameresult using far fewer multiplications and additions. Figure 8 shows the rotated and
scaledsquare.

We are allowed to perform the matrix multiplications of r and s before multiplying by square ,. 1
becausematrix multiplication is assciative.

Be careful! Matrix multiplication is not commumative.



(20,10)

(0,10)

(20,0)

(0,0)

Figure 8: Rotated and ScaledSquare

mp s

N
OO NN OO - H
5
H

= O O

= O

= O

This meanswe must be careful about the order of application of graphics transformations.

One might be concernedabout whether or not multiplying rotation, scalingand/or translation matrices
producesa transformation which leavesour 2D lines in the plane z = 1. We can answer this question by
observingthat eadt of these matrices hasa last columnof 0 0 1 . Hence,when multiplying any two of
these matrices, the product matrix hasa last coumnof 0 0 1.

8 Rotating an Object Ab out a Point

As a nal example, supposewe wish to rotate the squareof Figure 1 90 degreesabout its upper right corner.
We must rst translate the point (10, 10) to the origin. This is the matrix

translate _10 _10

1 00
0 10
_10 _10 1

Then we must rotate 90 degrees

rotate 90

O = O
O O =
= O O

Finally, we translate the squarebadk with the matrix

translate 10 10
1 00
0 10
10 10 1

Putting this all together we have:



[xform =: (translate _10 _10) mp (rotate 90) mp translate 10 10
010

2100

2001

(square ,. 1) mp 3 2 {. xform

20 O

20 10

10 10

10 0

20 O

which is shown in Figure 9.

(10,10) (20,10)

(10,0) (20,0)

Figure 9: Rotating a Square90 DegreesAbout (10,10)

9 Representing 3D Ob jects

Three dimensional objects may be modeled by a collection of points [x;, v;, 2;], represering the vertices of
the object, together with additional information which describes which vertices are usedto form planes,
surface properties such as color and texture, etc. Such an image model is often refered to as a polygonal
model.

For example, the vertices of a cube of size 2, certered at the origin of three-dimensional spacecan be
generatedby:

[ cube =: _1 =~ #: i. 8
1

[
|
|
[ e S T

[ N e
[}

[
[}

The top plane of this cube are describe by vertices0 1 5 4.

015 4 { cube
1

N
=R e
= e

The v e other planesin this cube are similarly described. For example, the left faceis given by

10



10 3D Transformations

The 2D transformations of Section 5.1 may be extendedto the 3D caseas follows.

10.1 Translation

Using homogeneousoordinates we extend the Equations 8 to three dimensional space:

= z+ T,
0—
y =yt Ty
D= 2+ T, (14)
wO:w
Consider the 4 by 4 matrix
2 3
1 0 0 O
go 1 0 oé
0O 0 1 o0
T. T, T. 1
We seethat the Equations 14 may be written asthe matrix equation
2 3
1 0 0 O
0 1 0 oé
0 0 0 —
a:yzl—a:yylmpgooj_o (15)

T, T, T.

[

We de ne the J monad translate which is applied to a list of three translate values 7, T, T, to
produce the translation matrix.

translate =: monad def ’((=/ ~ 1. 3) , y. ) ,. 00 0 1°
translate 1 1 1

= O O =~
= O = O
= =, O O
~ O O O

Hence,

(cube ,. 1) mp 4 3 {. translate 1 1 1
2

O OO O NNMNMN
O ONNOONN
O N ONONO

translates the cube to the positive sector of 3-space.

11



10.2 3D Scaling

Next we extend the Equations 3 to three dimensional spaceas the follows:

2=z S,
0
y'=y 5y
L=z S, (16)
w°=w
Considerthe 4 by 4 matrix
2
S: 0 0 O
go S, 0 0
0 0 S, 0
0O 0 0 1
We write the Equations 16 as:
2 3
S: 0 00
0S, O oé
0o ,0 .0 - y
xyzl—xyzlmpoos,zo a7
0 0 01

We de ne the J monad scale which is applied to a list of three scalefactors S, S, S. to produce
the scaling matrix.

scale =: monad def ’44$ (0{y.), 0000, A {y.), 0000, (2{y.), 00001

We can scalecube to size4 by:

~

ube ,. 1) mp 4 3 {. scale 2 2 2

NDNNNDDNDDNDNDDN

N NNNDDNDNDNDN
|

NDNNNDNDNDNDNDO

10.3 3D Rotation

Extending the Equations 1 to three dimensional spaceis a bit more complex as we needto describe three
rotation matrices which rotate points about the z, y, and z axesrespectively.
The z axis rotation equationsare:

cos(0) y sin(6)

0= 4
=2 sin(@)+y cos(6)
0= ,

SIS

(18)
0

g

w

Consider the 4 by 4 matrix

cos(f) sin(d) 0 O 3

g sin(f) cos(d) 0 O é
0 010
0 0 01

We write Equations 18 as:

12



O O~ O

e e e

cos(6)

wpf

T z 1

Y

sin(6)

0
0

sin(6)
cos(6)
0
0

= O O

(19)

= O OO

0

We de ne the J monad z_rotate which is applied to an angle ¢ to produce the z axis rotation matrix.

monad def (11 _11 %2112 0. (o.

z_rotate =:
z_rotate 90

O O O ~ |
O = OO
= O O O

We can rotate cube 90 degreesabout the z axis by

(cube ,. 1) mp 4 3 {. z_rotate 90

1

[ e e e

[ N N e

y.) % 180) (0 0;0 1;1 0;1 1) } =/ ~ i. 4’

We can also seethat rotating the top face of cube producesthe left face of cube described in Section 9

0154 { cube ,. 1) mp 4 3 {. z_rotate 90

(
1
1
1
1

T

The y axis rotation equationsare:

2°= x  cos(f)+ z  sin(f)
¥=y
=z sin(@)+ z cos(h)
wl= w
Considerthe 4 by 4 matrix
2 3
cos(f) 0 sin(f) O
01 00
sin(@) 0  cos(f) O
00 01
We write Equations 20 as:
2
cos(6)
20 0 201 = 2z y 2z 1 mp szn(@?
0

0
1
0
0

(20)
3
sin(f) O
00
cos(d) O (21)
0 1

We de ne the J monad y_rotate which is applied to an angle § to producethe y axis rotation matrix.

13



O = O O
O O =

[}
N e e e e

O O O+

y_rotate =: monad def (1 _1 11 *x2112o0. (0. y.) % 180) (0 0;0 2;2 0;22) } =/ ~ i. &

y_rotate 90
0_.10

o O O
= O O

We can rotate cube 90 degreesabout the y axis by

(cube ,. 1) mp 4 3 {. y_rotate 90

1 1

e e

e e

[

The x axis rotation equationsare:

Consider the 4 by 4 matrix

We write Equations 22 as:

o o o
1

y cos(0) =z sin(0)
y  sin(0) + 2z cos()
w

NI

S
o
I

3
0 00

cos(d) sin(f) O
sin(0) cos(d) O
0 0 1

OO DN
[cNeNeN

2
1
0 cos(9)
vy 21 mpg 0 sin(9)
0

(22)
3

0

01 (23)

1

We de ne the J monad x_rotate which is applied to an angle # to producethe z axis rotation matrix.

x_rotate =: monad def (1 1 _1 1 *x2112o0. (0. y.) % 180) (1 1;1 2;21;22) }=/"~"1i. &’

rotate 90

X_
0
0
1
0

O O = O
= O O O

We can rotate cube 90 degreesabout the x axis by

(cube ,. 1) mp 4 3 {. x_rotate 90

14



11 3D Viewing

The initial viewing parameters are choosenso as to be able to give an unrestricted view of the scene. In
practice, however, somesimpli cations are most often used as default viewing parameters.

The projection plane, shown in Figure 10, hasthe view plane de ned by a point on the plane (VRP) and
the view plane normal (VPN).

COP

Figure 10: Initial Viewing Parameters

The VPN givesthe orientation of the view plane and is often (but not required to be) parallel to the
view direction. The VPN is usedto de ne a left-handed coordinate system screen coordinate system The
VUP vector de nes a direction which is not parallel to VPN and is taken to be the viewer's concept of up.
VUP neednot (but often is taken to) be perpendicular to VPN. The projection of VUP on the view plane
de nes the V axis of the screencoordinate system. The U axis of the screencoordinate systemis choosento
be perpendicular to both (orthogonalto) V and VPN. Thesevectors are choosenso asto form a left-handed
V, U, VPN 3D coordinate system. The VRP is the origin of the 2D screencoordinate system. However,
VRP is not the origin of the left-handed 3D coordinate system we wish to de ne. Its origin is the location
of the eye (COP). The coordinates of COP are de ned relative to the VRP using world coordinates.

12 The Eye Coordinate System

We now have all of the parametersnecessaryto describe the 3D viewing transformation which mapsthe world
coordinate systeminto the eye coordinate system. A rectangular region, Figure 11, (viewport) describesthe
clipping region of the screencoordinate systemwhich is visible to the viewer.

This 2 dimensional viewport has sideswhich are parallel to the V U axis and the location and size of the
viewport are given in units of the screencoordinate system using VRP as the origin. The viewport forms
a viewing pyramid which givesthe visible portion of world coordinate spacefrom COP. All objects outside
this pyramid are clipped from the scene.Actually, two additional clipping planes(Near and Far; seeFigure
12) which are parallel to the view plane de ne portions of the seenwhich are either too closeor too far from
COP to be seen. The line from the COP through the certer of the viewport de nes the viewing direction
and will be the positive Z axis of the eye coordinate system.

15



COP
ort \

View Direction

VPN

View Plane

Figure 11: Viewport

13 Some Linear Algebra

A few conceptsfrom elemenary linear algebra are useful at this point. Let vi = (x1,91,21) and vy =
(x2,y2, z2) be two 3D vectors. The dot product or inner product of v; and v, is de ned as:

Vi Vo=21 2Z2tyr Y2t z1 22

Notice that the inner product of two vectorsis a real number. The cosineof the acute angle 6 between
two vectorsv, and v, is de ned as:

Vi V2
(Gvii Jvai)

cost =

wherej v, j is the length of the vector v, and j v j is the length of the vector v,. Hencewe may write:
Vi V2 =jV1j szj cos6

Notice that if v, and v, are two perpendicular vectors, then the angle betweenead other is # = 90 and

cos = 0. Hence,the inner product of two perpendIH:uIar vectorsis 0.
The length of avectorv = (z,y,2) isde ned as 22 + y2 + 22. The inner product of v with itself yields:

v v=a?+ y2+ 22
or
v vIjvj?

1.
(x1,y1,21) and vy = (22,2, 22), then the sum of v; and v, is the vector

Ifjvj=1,thenv v
Given two vectorsv,

Vi+ Vo= (z1+ 22,91+ y2,21 + 22)

16



Near
COP

View Direction

VPN

View Plane

Figure 12: Viewing Pyramid

which is shown in Figure 13.
Inner product (dot product) distributes over vector addition. That is, given vectorsu, v, w, and a real
number r, then

u (v+r w)y=u v+r (u w)

Supposen is a vector whoselength is 1 and w is a vector not parallel to n. We wish to project w to a
vector v which lies on a plane perpendicular to n (seeFigure 14).
To solve this problem de ne the vector v by the equation:

v=w (n w) n
Then,
nv=nw (nw) n=nw (nhw) (nn)

But n n = 1 sincen is of length one. Hence,n v = 0 and from this it follows that n and v are
perpendicular. Therefore, v is a vector that lies on a plane perpendicular to n
The crossproduct of two vectorsvi = (x1,y1,21) and vo = (22,92, 22) is the vector:

Vi Vo=(y1 22 21 Y2,21 X2 1 22,T1 Y2 Y1 T2)

The crossproduct of two non-parallel vectorsis a vector which is perpendicular to both vectors. Hence,
the inner product of either v, or v, with v, v, is zero.

vi (Vi Vv2)=vVv2 (vi Vv2)=0

The direction of the vectorv; v, issuc that if the ngers of the right hand are curled around v in the
direction of v,, then vi  v; is pointing in the direction of the thumb. Crossproduct is not commutativ e.

Vi V2= V2 Vi

which meansthat the direction of v,  v; is the opposite of the direction of vi  v5.

17



v2

vl

v1+v2

Figure 13: Sum of Vectorsvl and v2

Figure 14: Projecting w on v

14 Constructing the Viewing Matrix

The 3-D viewing pipline is shown in Figure 15. The secondstep of the pipeline involvestransforming the
vertices of model objects which are given in world coordinates to the eye coordinate system. This process
starts from the initial parametersof COP, VRP, VPN, and VUP. Thesevectorsare rst usedto compute

the vu coordinate systemas:
v=VUP (VPN VUP) VPN

u=VPN v

The next step is to transform the left-handed eye coordinate systemde ned by v, u and VPN into the
right-handed world coordinate system. This is accomplishedby three steps:

1. The origin of the eye coordinate system,COP is translated to the origin (0, 0, 0,) of the world coordinate

system.

2. Rotate sothat

(&) The axisin the u direction is parallel to the world coordinate x-axis.
(b) The axis in the v direction is parallel to the world coordinate y-axis.
(c) The VPN is parallel to the negative z-axis, that is, going into the display screen.

18



Modeling Viewing Clipping

Position Objects Transform Image Clip Objects to
_ to Create Image —=| to3D Eye Coordinates —= 3D View Volume =
in 3 D World Coordinates
Projecting Displaying
Perform Transform to
Perspective Projection ~ ——=| Area on Screen

Figure 15: The Graphics Pipeline
3. Make the negative z-axis the positive direction so that the positive z direction goesinto the screen,
i.e., make the eye coordinate systemleft-handed.

The matrices required to accomplishthis transformation are given next.
Sincethe certer of projection, COP is de ned relative to the V RP, the translation matrix is:

2 3

1 0 0 0
B 0 1 0 oé
T‘g 0 0 1 0

(VRP[z]+ COP[z])  (VRP[y]+ COPly]) (VRP[z]+ COP[z]) 1

The rotation matrix is
2 ufz] vix] VPN[z] O 3
_@uly] vly] VPN[y O é
ulz] v[z] VPN[z] O
0 0 0 1

The matrix to changethe direction of the z-axisis

-}

We can combine the matrices R and C' by computing the matrix product R C and renameit R producing
the matrix

[cNeoNeN
[oNeN e}
Ol_\OO
=, OOO

2 ulz] v[z] VPN[z] O 3
R= 8 Ul vl VPN 0 é
ulz] v[z] VPN[z] O
0 0 0 1

The nal matrix to producethe transformation from world coordinates to eye coordinates is the product
of the two matricesV =T R.
15 Prosp ectiv e Pro jection

After multiplying world coordinate vertices by the viewing transformation, V', and clipping to the truncated
viewing pyramid, it is necessaryto perform the perspective projection onto the view plane. Given a vertex
in the eye coordinate system,v = (z., ye, 2.), the projected screencoordinates, (zs,ys) are computed as:

Tg = d xe
Ze

— d ye
Ys = Ze

19



X
(Xe,Ze)
Xs
COP
z view
plane

Figure 16: Perspective Projection

where d is the distance from COP to the view plane. These formulas are easily derived by considering
the projection onto the z (Figure 16) and y z planesand noting that from similar triangles

The equation for y, is derived in a similar fashion.

16 C Programs to Compute the Viewing Transformation

In this sectionwe give someC program fragmerts to illustrate algorithms for computation of the 3D viewing
transformation which transforms world coordinates to eye coordinates.

typedef double Xform3d[4][4];

typedef struct Point3d /* the 3D homogeneouspoint */

{

double x, vy, z, w;

} Point3d, *Point3dPtr, **Point3dHdl;

typedef struct Graph3dView /* the 3D graphics viewing parameters */

{
CWindowPtr wPtr; /* the color graph port */
GrafPtr oldPort; /* the previous graph pointer */
Point3d vrp; /* the view reference point */
Point3d vpn; /* the view plane normal */
Point3d vup; /* the view up direction */
Point3d cop; /* the center of projection (viewpoint) */
Rect viewport; /* the intersection  of the viewing pyramid */
double back; /* the z coordinate of the back clipping plane */
double front; /* the z coordinate of the front clipping plane */
double distance; /* the distance of the cop from the view plane */
Xform3d xform; /* the current transformation */

} Graph3dView, *Graph3dViewPtr, **Graph3dViewHd];

1%

scale3d

This function returns the 3D scaling matrix given
X, y and z scaling factors.

*

void scale3d(double sx, double sy, double sz, Xform3d scaleMatrix)

{
scaleMatrix[0][0] = sx;
scaleMatrix[0][1] = 0.0;
scaleMatrix[0][2] = 0.0;
scaleMatrix[0][3] = 0.0;
scaleMatrix[1][0] = 0.0;
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*

scaleMatrix[1][1]
scaleMatrix[1][2]
scaleMatrix[1][3]

scaleMatrix[2][0]
scaleMatrix[2][1]
scaleMatrix[2][2]
scaleMatrix[2][3]

scaleMatrix[3][0]
scaleMatrix[3][1]
scaleMatrix[3][2]
scaleMatrix[3][3]

/* End of scale3d

*
<

sy;
0.0;

0.0;
0.0;
sz;

0.0;

0.0;
0.0;
0.0;
1.0;

translate3d

This function returns
X, y and z translation

void translate3d(double

{

*
void

{

transMatrix[0][0]
transMatrix[0][1]
transMatrix[0][2]
transMatrix[0][3]

transMatrix[1][0]
transMatrix[1][1]
transMatrix[1][2]
transMatrix[1][3]

transMatrix[2][0]
transMatrix[2][1]
transMatrix[2][2]
transMatrix[2][3]

transMatrix[3][0]
transMatrix[3][1]
transMatrix[3][2]
transMatrix[3][3]

tX,

/* End of translate3d

oo
<

the 3d translation
factors.

double ty, double tz,

1.0;
0.0;
0.0;
0.0;

0.0;
1.0;
0.0;
0.0;

0.0;
0.0;
1.0;
0.0;

*

matrix given

Xform3d transMatrix)

identity3d

This function returns the 4 by 4
identity  matrix.
identity3d(Xform3d identity)

identity[0][0] = 1.0;
identity[0][1] = 0.0;
identity[0][2] = 0.0;
identity[0][3] = 0.0;
identity[1][0] = 0.0;
identity[1][1] = 1.0;
identity[1][2] = 0.0;
identity[1][3] = 0.0;
identity[2][0] = 0.0;
identity[2][1] = 0.0;
identity[2][2] = 1.0;
identity[2][3] = 0.0;
identity[3][0] = 0.0;
identity[3][1] = 0.0;
identity[3][2] = 0.0;
identity[3][3] = 1.0;
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*

void

{

1%

*

/* End of identity3d */

an angle in radians.

void rotateY3d(double theta, Xform3d rotateMatrix)

{

double sine = sin(theta),
cosine = cos(theta);

rotateMatrix[0][0] = cosine;
rotateMatrix[0][1] = 0.0;
rotateMatrix[0][2] = sine;
rotateMatrix[0][3] = 0.0;
rotateMatrix[1][0] = 0.0;
rotateMatrix[1][1] = 1.0;
rotateMatrix[1][2] = 0.0;
rotateMatrix[1][3] = 0.0;
rotateMatrix[2][0] = -sine;
rotateMatrix[2][1] = 0.0;
rotateMatrix[2][2] = cosine;
rotateMatrix[2][3] = 0.0;
rotateMatrix[3][0] = 0.0;
rotateMatrix[3][1] = 0.0;
rotateMatrix[3][2] = 0.0;
rotateMatrix[3][3] = 1.0;

/* End of rotateY3d */

rotateX3d
This function returns the x axis rotation matrix given
an angle in radians.
rotateX3d(double theta, Xform3d rotateMatrix)
double sine = sin(theta),
cosine = cos(theta);
rotateMatrix[0][0] =1.0;
rotateMatrix[0][1] = 0.0;
rotateMatrix[0][2] = 0.0;
rotateMatrix[0][3] = 0.0;
rotateMatrix[1][0] = 0.0;
rotateMatrix[1][1] = cosine;
rotateMatrix[1][2] = sine;
rotateMatrix[1][3] = 0.0;
rotateMatrix[2][0] = 0.0;
rotateMatrix[2][1] = -sine;
rotateMatrix[2][2] = cosine;
rotateMatrix[2][3] = 0.0;
rotateMatrix[3][0] = 0.0;
rotateMatrix[3][1] = 0.0;
rotateMatrix[3][2] = 0.0;
rotateMatrix[3][3] = 1.0;
[* End of rotatex3d */
rotateY3d
This function returns the y axis rotation matrix given

rotateZ3d
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*

void rotateZ3d(double

{

1%

*

This function returns
an angle in radians.

theta,

the z axis rotation matrix given

Xform3d rotateMatrix)

double sine = sin(theta),
cosine = cos(theta);

rotateMatrix[0][0]
rotateMatrix[0][1]
rotateMatrix[0][2]
rotateMatrix[0][3]

rotateMatrix[1][0]
rotateMatrix[1][1]
rotateMatrix[1][2]
rotateMatrix[1][3]

rotateMatrix[2][0]
rotateMatrix[2][1]
rotateMatrix[2][2]
rotateMatrix[2][3]

rotateMatrix[3][0]
rotateMatrix[3][1]
rotateMatrix[3][2]
rotateMatrix[3][3]

/* End of rotateZ3d

cosine;
sine;
0.0;
0.0;

-sine;
cosine;
0.0;
0.0;

0.0;
0.0;
1.0
0.0;

0.0;
0.0;
0.0;
1.0

*/

shearZ3d

This function produces the Z shearing transformation
which maps an arbitrary
and passing through the non-zero point (x, y, 2)

into the Z axis without

points on the line.

line through the origin

changing the z values of

void shearZ3d(double x, double y, double z, Xform3d zshear)

{

*

zshear[0][0]
zshear[0][1]
zshear[0][2]
zshear[0][3]

zshear[1][0]
zshear[1][1]
zshear[1][2]
zshear[1][3]

zshear[2][0]
zshear[2][1]
[2]12]
(23]

zshear[2][2
zshear[2][3

zshear|
zshear|
zshear|
zshear|

3][0]
3][1]
3][2]
3][3]

1.0;
0.0;
0.0;
0.0;

0.0;
1.0;
0.0;
0.0;

x | z
-yl z

/* End of shearZ3d */

copy3dXform

This function copies the src 4 by 4 transformation
matrix to the dst 4 by 4 matrix. It is assumed that
the matrices is allocated in the

the storage for
calling  routine.

void copy3dXform(Xform3d dst,

Xform3d src)
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*

register int i, j;
fori =0; i <4; i+4)
for =0; j <4; j+4)
dst[i][j]

/* End of copy3dXform */

= src[i][il;

mult3dXform

This function

matricies

transformation.

the last

(36 multiplications

multiplies

producing a resulting
For efficiency,
column of the Xform3dis 00 0 1
and 27 additions)

two 4 by 4 transformation

4 by 4
we assume that

void mult3dXform(Xform3d xforml1, Xform3d xform2, Xform3d resultxform)

{

Xform3d result;

/* row 0O (9 * and 6 +) */

result[0][0] = xform1[0][0]
result[0][1] = xform1[0][0]
result[0][2] = xform1[0][0]
result[0][3] = 0.0;

/¥ row1l (9 * and 6 +) */
result[1][0] = xform1[1][0]
result[1][1] = xform1[1][0]
result[1][2] = xform1[1][0]
result[1][3] = 0.0;

/* row2 (9 * and 6 +) */
result[2][0] = xform1[2][0]
result[2][1] = xform1[2][0]
result[2][2] = xform1[2][0]
result[2][3] = 0.0;

* row 3 ( 9* and 9 +) ¥/
result[3][0] = xform1[3][0]
result[3][1] = xform1[3][0]
result[3][2] = xform1[3][0]

*

*

*

*

*

*

*

*

*

*

*

*

xform2[0][0] +
xform1[0][1]
xform1[0][2]

xform2[0][1] +
xform1[0][1]
xform1[0][2]

xform2[0][2] +
xform1[0][1]
xform1[0][2]

xform2[0][0] +
xform1[1][1]
xform1[1][2]

xform2[0][1] +
xform1[1][1]
xform1[1][2]

xform2[0][2] +
xform1[1][1]
xform1[1][2]

xform2[0][0] +
xform1[2][1]
xform1[2][2]

xform2[0][1] +
xform1[2][1]
xform1[2][2]

xform2[0][2] +
xform1[2][1]
xform1[2][2]

xform2[0][0] +
xform1[3][1]
xform1[3][2]

xform2[3][0];

xform2[0][1] +
xform1[3][1]
xform1[3][2]

xform2[3][1];

xform2[0][2] +
xform1[3][1]

* ok

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

*

xform2[1][0]
xform2[2][0];

xform2[1][1]
xform2[2][1];

xform2[1][2]
xform2[2][2];
xform2[1][0]

xform2[2][0];

xform2[1][1]
xform2[2][1];

xform2[1][2]
xform2[2][2];
xform2[1][0]

xform2[2][0];

xform2[1][1]
xform2[2][1];

xform2[1][2]
xform2[2][2];

xform2[1][0]
xform2[2][0]

xform2[1][1]
xform2[2][1]

xform2[1][2]
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xform1[3][2]

xform2[3][2];
result[3][3] = 1.0;
/* copy the result */
copy3dXform(resultxform, result);
} /* End of mult3dXform */
/*
transform3dObject
This function multiplies an n array
of Point3d by a 4 by 4
transformation ~ matrix producing
a resulting n array of Point3d.
Weassume that the last column of
xform is 000 1.
(' 9n multiplications and 9n additions)
*
void transform3dObject(int n, Point3d object[], Xform3d xform, Point3d
{ _ .
register int i
forG =0; i <n; i++) [* each row */
/¥ column O (3 * and 3 +) */
result[i].x = object[i].x * xform[0][0] +
object[il.y * xform[1][0]
object[i].z * xform[2][0]
/¥ column 1 (3 * and 3 +) */
result[i].y = object[i].x * xform[O][1] +
object[il.y * xform[1][1]
object[i].z * xform[2][1]
/¥ column 2 (3 * and 3 +) */
result[i].z = object[i].x * xform[0][2] +
object[i].y * xform[1][2]
object[i].z * xform[2][2]
/* column 3 */
resultfi].w = object[i].w;
}
} /* End of transform3dObject */
/*
copy3dObject
This function copies a src n array
of Point3d to a dst n array of Point3d.
It is assumedthat storage for the src
and dst arrays is allocated in the calling
function.
*

void copy3dObject(int n, Point3d dst[], Point3d src[])

{
register int i
forG =0; i <n; i++) [* each row */
dstli] = src[i];
} /* End of copy3dObject */
/*
pitch
This function multiplies  the transform associated with
the given graph3dView by an X axis rotation and stores
the resulting transformation as the new graph3dView xform.
*
/
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* xform2[2][2]

+

result[])

+
+ xform[3][0];

+
+ xform[3][1];

+
+ xform[3][2];



void pitch(double theta, Graph3dViewPtr viewPtr)

{
Xform3d rotX;
rotateX3d(theta, rotX);
mult3dXform((*viewPtr).xform, rotX, (*viewPtr).xform);
} /* End of pitch */
/*
roll
This function multiplies  the transform associated with
the given graph3dView by an Z axis rotation and stores
the resulting transformation as the new graph3dView xform.
*

void roll(double  theta, Graph3dViewPtr viewPtr)

Xform3d rotZ;

rotateZ3d(theta, rotZ);

mult3dXform((*viewPtr).xform, rotZ, (*viewPtr).xform);
} /* End of roll *
/*
yaw
This function multiplies  the transform associated with
the given graph3dView by an Y axis rotation and stores
the resulting transformation as the new graph3dView xform.
*

void yaw(double theta, Graph3dViewPtr viewPtr)

{
Xform3d rotY;
rotateY3d(theta, rotY);
mult3dXform((*viewPtr).xform, rotY, (*viewPtr).xform);

} /* End of yaw */

aj*
dotProduct
This function computes the dot product
(inner product) of two Point3d's. The w
component of the homogeneousrepresentation
of the 3d points is ignored in this
calculation

*

double dotProduct(Point3dPtr pl, Point3dPtr p2)

{
reurn - (*pl).x  * (*p2).x  + (*pl)y * (*p2)y + (*pl)z * (*p2).z;
} /* End of dotProduct */
/*
scalarProduct
This function computes the scalar product
of a double and a Point3d. ~ The w component of the
homogeneousrepresentation  of the 3d points
is ignored in this calculation.
*

void scalarProduct(double  a, Point3dPtr p, Point3dPtr result)

{
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(*result).x =a* (*p).x;
(result).y  =a* (*p)y;
(*result).z =a* (*p).z

} /* End of scalarProduct */

/*
crossProduct
This function computes the cross product
of two Point3d's. The w component of the
homogeneousrepresentation  of the 3d points
is ignored in this calculation.

*

void crossProduct(Point3dPtr pl, Point3dPtr p2, Point3dPtr result)

{

(result).x = (*pl)y * (*p2).z - (*pl).z * (*p2)y;
(*result).y = (*pl).z * (*p2)x - (*pl)x * (*p2).z
(*result).z = (*pl)x * (*p2).y - (*pl).y * (*p2).x;
} /* End of crossProduct */
/*
normalize
This function normalizes the Point3d, a pointer
to which is passed as an argument. The w component of the
homogeneousrepresentation  of the 3d point
is ignored in this calculation.
*

void normalize(Point3dPtr p)

{
double length = sqgrt(dotProduct(p, p));
if(length 1= 0.0)
(*p).x /= length;
(*p).y /= length;
(*p).z /= length;
}
} /* End of normalize */
/*
transform3dPoint
This function applies an Xform3d to a
Point3d, transforming that Point3d.
A pointer to a Point3d is passed. The w
component of the homogeneousrepresentation
of the 3d point is ignored in this calculation.
*

void transform3dPoint(Point3dPtr p, Xform3d xform)

{
Point3d t = *p;
(*p)x = tx * xform[0][0] +
ty * xform[1][0] +
tz * xform[2][0] + xform[3][0];

*py = tx * xform[0][1] +

ty * xform[1][1] +

tz * xform[2][1] + xform[3][1];
*p).z = tx * xform[0][2] +

ty * xform[1][2] +
tz * xform[2][2] + xform[3][2];

} /* End of transform3dPoint */
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*

subtract3dPoint

This function subtracts Point3dPtr p2 from
Point3dPtr pl producing Point3dPtr result.
The w component of the homogeneous
representation  of the 3d point

is ignored in this calculation.

void subtract3dPoint(Point3dPtr pl, Point3dPtr p2, Point3dPtr

{

*

(*result).x = (*pl).x - (*p2).x;
(result).y = (*pl)y - (*p2)y;
(*result).z = (*pl).z - (*p2).z;

/* End of subtract3dPoint  */

result)

add3dPoint

This function adds Point3dPtr p2 to
Point3dPtr pl producing Point3dPtr result.
The w component of the homogeneous
representation  of the 3d point

is ignored in this calculation.

void add3dPoint(Point3dPtr  pl, Point3dPtr p2, Point3dPtr result)

{

*
void

{

(*result).x = (*pl).x + (*p2).x;
(result).y = (*pl)y + (*p2)y;
(*result).z = (*pl).z  + (*p2).z;

/* End of add3dPoint */

initGraph3dView

This function initializes the 3D graphics viewing
structure  and makesa full screen drawing window.
The Graph3dView is initialized with some default

viewing parameters. These parameters (except for
the wPtr) may be changed before 3D drawing occurs.

initGraph3dView(Graph3dViewPtr  viewPtr)

GDHandle mainDevice = GetMainDevice();
Rect mainRect = (**mainDevice).gdRect;
short width, height;

/* set view reference point to origin */

(*viewPtr).vrp.x = 0.0;
(*viewPtr).vrp.y = 0.0;
(*viewPtr).vrp.z = 0.0;
(*viewPtr).vrp.w = 1.0;

/* set view plane normal to z axis */

(*viewPtr).vpn.x = 0.0;
(*viewPtr).vpn.y = 0.0;
(*viewPtr).vpn.z = 1.0;
(*viewPtr).vpnw = 1.0;

/* set view up direction to y axis */
(*viewPtr).vup.x = 0.0;

28



(*viewPtr).vup.y = 1.0;
(*viewPtr).vup.z = 0.0;
(*viewPtr).vupw = 1.0;

/* set view center of projection (viewpoint) */
(*viewPtr).cop.x 0.0;
0.0;

(*viewPtr).cop.y =
(*viewPtr).cop.z = 720.0;
(*viewPtr).copw = 1.0;

[* set view Rect */

width = (mainRect.right - mainRectleft - 5) / 2;
height = (mainRect.bottom - mainRecttop - 43) /
/* order lower left to upper right */

2;

SetRect(&(*viewPtr).viewport, - width, - height, width, height);
/* set back and front Z clipping plane values */

(*viewPtr).back = 1000.0;

(*viewPtr).front = 0.0;

(*viewPtr).distance = (*viewPtr).cop.z - (*viewPtr).vrp.z;

GetPort(&(*viewPtr).oldPort);

(*viewPtr).wPtr = makeDrawingWindow((char *)"\p3D Graphics View",
mainRect.left  + 2,
mainRect.top + 40,
mainRect.right - 3,
mainRect.bottom -3);

/* set the transformation to be identity */
identity3d((*viewPtr).xform);

} /* End of initGraph3dView */

1%

viewing

This function produces the viewing transformation  matrix
which transforms an abject from world coordinates to
eye coordinates..

*

void viewing(Graph3dViewPtr viewPtr, Xform3d *view)

{
Point3d t, v, u;
Xform3d tr, rot;
/* project vup on the viewing plane getting the v axis for viewing plane*/
scalarProduct(dotProduct(&((*viewPtr).vpn), &((*viewPtr).vup)), &((*viewPtr).vpn), &t);
subtract3dPoint(&((*viewPtr).vup), &t, &v);
/* compute the u axis of the viewing plane */
crossProduct(&((*viewPtr).vpn), &v, &u);
/* translate the cop + vrp to the origin */
add3dPoint(&((*viewPtr).cop), &((*viewPtr).vrp), &t);
translate3d(-t.x, -ty, -tz, )
/* compute the rotation matrix */
identity3d(rot);
rot[0][0] = u.x; rot[1][0] = u.y; rot[2][0] = u.z;
rot[0][1] = v.x; rot[1][1] = wvy; rot[2][1] =v.z;
rot[0][2] = (*viewPtr).vpn.x; rot[1][2] = (*viewPtr).vpn.y; rot[2][2] = (*viewPtr).vpn.z;
/* multiply the translation and rotation producing the view transformation */
mult3dXform(tr,  rot, *view);
} /* End of viewing */
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