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1 Revisions

2000Apr05:In thesectiondescribinghow to evaluatea reversePolishexpression,we used$. This is for expositionalpurposes
only. In yourcode,the$ neednot beplacedon thestackanda $ will not beat theendof theexpression.

2000Apr01:Specifiedthattheuserinterfacefor thetautologycheckermaynot bechanged.

2 Reading

Thetextbook’schapter6 coversdefiningtemplatizedclasses.Chapter7 discussesstacks.Be sureto readSection7.4,concen-
tratingonreversePolishnotationexpressions.
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prototype exampleuse explanation
value type stack<string>::value type

x;
typeof itemson stack

size type stack<bool>::size type
n;

typefor sizeof stack(numberof elements)

stack<T>(void) stack<int> s; createa stackof elementswith typeT but no items
bool empty(void) con-
st;

bool b = s.empty(); returnstrue if stackhasno elements,falseother-
wise

size type size(void)
const;

stack<int>::size type
sz = s.size();

returnsnumberof elementscurrentlyin stack

void push(const val-
ue type & x);

s.push(x); addsx to stack

void pop(void); s.pop(); pops(removes)top elementof stack. Nothing is
returned. It is the user’s responsibilityto ensure
thestackis not emptybeforecalling.

value type top(void)
const;

int x = s.top(); returnstop elementof stackwithout changingthe
stack. It is the user’s responsibilityto ensurethe
stackis notempty.

Table1: stack MemberFunctionsandTypes

3 Debugger Tip

Thegdb debuggerpermitsrunningprogramsin “slow motion,” permittingexaminationof how aprogramruns.For information
how to usegdb, seemy shortgdbnotesor thenotesat Stanford.

Hereis aquick anddirty introductionto gdb.

1. Compileyourprogramusingthe-g compilerflag,e.g.,
g++ -g -Wall -pedantic foo.cc -o foo

Thiscausesthecompilerto write informationusedby thedebugger.

2. Rungdb insidexemacs or emacs by typing “Alt-x gdb” or “ESC x gdb”. Typetheexecutable’sname.

3. In thegdb window, type“run”.

4. To obtainhelp,type“help”.

4 Problem Statement

You andpossiblya CS1321classmateareto implementa stackdatastructurecapableof holdingany elementtype. Thenyou
are to write codeusing the stackto evaluatea Booleanexpressionwritten in reversePolishnotation. Combiningthis with
distributedsourcecodeyieldsa programthatchecksBooleanexpressionsfor tautologies.

4.1 Stacks

A stack is a last-in/first-outdatastructurewith objectsarrangedin linearorder. That is, it permitseasyaccessonly from one
end.Entriescanbeaddedor removedonly at therightmostend.For example,theSTL stack classimplementsa stack.

Your implementationshouldsupportall the operationslisted in Table1. Theseoperationsaresimilar but not identicalto
thoseprovidedby theSTL stack class.

4.1.1 Stack Implementation

Youcanchooseany implementationstrategy you like for yourstackclassexceptthatyoumaynot usetheSTLstack classor
any implementationsimilar to thesourcecodein thetextbook. It shouldbepossibleto useyour templatizedclassto createand
manipulatestacksof ints,doubles,strings,bools,etc.,with any numberof elements.

Your implementationshouldcorrectlyusedynamicmemory(but why implementit usingdynamicmemoryyourself?).
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4.1.2 Stack Implementation Tips

1. First implementa stackwith atypedef statementdeclaringthetypeof its elements:
typedef string value type;

Then templatizethe classand test using a different type. Using a different type will check that all occurrencesof
value type wereactuallyfound.

2. Thetypename C++ keyword providesalternativesyntaxfor definingtemplates.In thetextbookandin class,template
parametersaredeclaredusingsyntaxlike<class T>. An alternativesyntaxis <typename T>.

The typename keyword is also useful whenever the compiler cannotdeterminethat an expressionis a type. For
example,it is sometimesnecessaryto write

typedef typename stack<T>::size type foo;

for reasonsonly apparentto peoplewho have compilersinsidetheir heads.Heuristic: If the compilerbecomesterri-
bly confusedabouta type andthe type containsa templateparameter, try addingthe keyword typename beforethe
expression.

5 Boolean Expressions and Reverse Polish Notation

A Booleanexpressionconsistsof variables,true, andfalse connectedtogetherby Booleanoperators&&, ||, =>, !, and
== andpossiblyparentheses.For example,

(x && y) || (!x && !y)
and

!p || true
areBooleanexpressions.Using infix notation, wheretheBooleanoperatorsappearbetweentheir operands,canrequireusing
parentheses.Instead,we will usereversePolishnotation. Usingthisnotation,thepreviousexpressionsarewrittenas

x y && x ! y ! && ||
and

p ! true||
ReversePolishnotationfirst lists thetwo operands(usingreversePolishnotation)andthentheoperator. For example: In the
secondexample,thefirst operandis !p, theoperatoris ||, andthesecondoperandis true. ThereversePolishnotationfor
thefirst operandis p !. Listing thetwo operandsandthentheoperatoryieldstheexpression.

5.1 Well-Formed Expressions

Intuitively, a well-formedexpressionhasthe correctnumberof operandsandoperatorsarrangedin the correctorder. It is
definedrecursively:

A well-formedexpressionis eithertrue, false, a variable,or anexpressionp q &&, p q ||, p q =>, p q ==, or
p !, wherep andq arewell-formedexpressions.

5.2 Truth Tables

To evaluateBooleanexpressions,weneedto beableto evaluatethesimplestBooleanexpressions.

������� && is trueif andonly if both ��� and ��� aretrue.

������� || is falseif andonly if both ��� and ��� arefalse.

� � ! is the“opposite”of � � .
� � � � => readsas“if � � , then � � .” It is trueif � � is falseor � � is true. It is falseif andonly if � � is trueand � � is false.

� � � � == is trueif � � and � � have thesametruth value.

Truth tableswith thefirst operandon theleft sideandthesecondoperandon theright sideappearin Figure1.
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&& true false
true true false
false false false

|| true false
true true true
false true false

!
true false
false true

=> true false
true true false
false true true

== true false
true true false
false false true

Figure1: TruthTablesfor BooleanExpressions

step stack expression
1 $ truefalse&& true! false! && || $
2 $ true false&& true! false! && || $
3 $ truefalse && true! false! && || $
4 $ false true! false! && || $
5 $ falsetrue ! false! && || $
6 $ falsefalse false! && || $
7 $ falsefalsefalse ! && || $
8 $ falsefalsetrue && || $
9 $ falsefalse || $

10 $ false $

Figure2: ExampleEvaluationof a ReversePolishExpression
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5.3 Determining A Boolean Expression’s Value

Evaluatinga reversePolishnotationis easyusingastack.SeeFigure2. Initially, thestackis empty;for expositionalpurposes,
we use$ to denotethebottomof thestacksowe cantell it is empty. Initially, we startwith theentireexpression;we markits
endusinga $ for expositionalpurposesonly. Therulesare:

1. If thenext tokenis true or false, move it to thestack.

2. If thenext tokenis abinaryoperator, i.e.,onerequiringtwo operands,removethetwo operandsfrom thestack,replacing
themwith the resultof applyingthe operatorto them,andremove the operatorfrom the expression.If lessthantwo
operandsarepresenton thestack,theBooleanexpressionis not well-formed.I.e., it hasincorrectsyntax.

3. If thenext tokenis aunaryoperator, i.e.,onerequiringoneoperand,removetheoperandfrom thestack,replacingit with
theresultof applyingtheoperatorto it, andremovetheoperatorfrom theexpression.If thestackis empty, theBoolean
expressionis not well-formed.I.e., it hasincorrectsyntax.

4. If the next token is $, stop. If the stackhasonevalue, it is the expression’s value. Otherwise,the expressionis not
well-formed.

For example,thefirst two stepsmove Booleansfrom theexpressionto thestack. In thethird step,the&& operatorbeginning
theexpressionis removed,thetop two Booleanexpressionsarepoppedoff thestack,andtheresultis pushedon thestack.In
step10, theentireexpressionhasbeenprocessed.Sincethereis oneBooleanon thestack,it is thevalueof theexpressionand
theexpressionwaswell-formed.

5.4 Tautologies

In additionto Booleanexpressionsinvolving only true, false, andthe operatorsdescribedearlier, we canwrite Boolean
expressionsinvolving variables.Suchan expressionhasa valuefor any assignmentof Booleanvaluesto its variables.For
example,considertheexpressionp q ||. Thereare 	

�
waysof assigningvaluesto its two variablessinceeachvariablecanbe

eithertrue or false. For eachway of assigningvaluesto p andq, we canthenevaluatetheresultingexpression.Theresult
is false if bothp andq arefalse andtrue for theotherthreechoices.

A tautology is a Booleanexpressionthatevaluatesto true for all possiblewaysof assigningvaluesto its variables.For
example,

true
is a tautology, asare

x x ==
and

x ! x ||
and

x x == y y == &&
sinceall evaluateto true for any wayof assigningvaluesto their variables.However,

x
and

x y =>
arenot tautologies,becausethereis somewayof assigningvaluesto their variablesthatmakesthemevaluateto false.

GivenaBooleanexpressionwith 
 variables,onewayof determiningwhetherit is atautologyis to evaluatethe 	�� possible
expressionsresultingfrom assigningdifferentcombinationsof Booleanvaluesto the 
 variables.If all of themevaluateto
true, theoriginalexpressionis a tautology;otherwiseit is not.

5.5 Programming an Evaluator

Write a functionevaluate evaluatinga Booleanexpressionwithout any variables.Given an expressionin reversePolish
notationrepresentedasvector of strings, it shouldreturna pair of Booleans,thefirst indicatingwhethertheexpression
waswell-formedand,if well-formed,thesecondindicatingtheexpression’svalue.

The provided codereadsa Booleanexpressionwith variablesfrom the standardinput and cycles throughall possible
variableassignments,invokingevaluate to determinetheexpression’s value. If theexpressionis true for all assignments,
theprogramindicatesis a tautology. Otherwise,theprogramindicatesit is nota tautologyor is not well-formed.

Theuser-providedexpressionmustbe in reversePolishnotationwith all variables,operators,andkeywordsseparatedby
whitespace.Any whitespace-delimitedsetof charactersthatis not anoperator, true, or false is avariable.
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6 What Files Do I Need?

Write� a templatizedstackclass.We haveprovideda minimalstack.handtestfile. Add anevaluate functionandany helper
functionsto thetautologychecker. A prototypefor evaluate is alreadyincluded.

7 Rules

7.1 Programming Rules

As for previoushomeworks,working with otherpeopleduring your planningphaseis encouraged.For this homework, you
arepermittedto write thecode,i.e., program,with oneotherpersonin CS1321.To learnthematerial,bothof you shouldbe
actively involvedin theprogramming.Failureto dosowill almostcertainlyhurtyourcomprehensionof thematerialin therest
of thecourse.

7.2 Submission Rules

Eachone-or two-personteamof programmersshouldsubmitonly its completedimplementation,consistingof the files s-
tack.h andtautology-checker.cc. You do not needto sendany otherfiles. Pleasesendonly text documents,do
not sendMicrosoft Word documents,PDFdocuments,HTML documents,etc. Please include both your names and email
addresses at the top of your program.

Wewill testyourstackimplementationusingourown programsandourown choiceof stackelements;wewill alsotestyour
completedtautology-checker program.Pleasebesureyour codecompileswithout warningwhenusingg++ -Wall
-pedantic. It shouldnotbenecessaryto changethegiventautologycheckercode,but, if youdo,changingtheuser-interface
will beconsideredincorrect.

Seethesubmissiondetailsfor informationhow to emailtheprograms.NotethattheCScomputerconfigurationwasrecently
changed.If you wantto receiveanautomatedreply acknowledgingyour submission,pleasereadthesubmissionWWW page.
If a teamof two arein differentsections,submitexactlyonceto oneof thetwo permissibleemailaddresses.

8 Running Time of the Tautology Checker

Givena Booleanexpressionwith  variablesand � operators,our tautologychecker requires����	������ time. While exponential
runningtimesareacceptablefor small valuesof  , they quickly becomeinfeasible.(This Perlprogramgeneratesa tautology
with the numberof variablesspecifiedasits command-lineargument. (After downloadingit, make the file executableusing
chmod +x generate-tautology.pl.) Try usingit to generateinput for your tautologychecker. To time thetautology
checkerprogram,usetimer.h.)

Canwe find a fasteralgorithm?No onehasyet beensuccessful.Thereis a family of NP-completeproblemsall of which
arecurrentlythoughtdifficult to solve. We canprove that, if any of theseproblemscouldbesolved in polynomialtime, i.e.,
��������� , for somefixed � , thenall theseproblemscanbe solved in polynomialtime. If we couldprove oneproblemrequired
morethanpolynomialtime,all of themwould. Satisfiability, i.e.,“Is thereanassignmentmakingtheBooleanexpressiontrue?,”
is themostfamousNP-completeproblem.The tautologyproblemis at leastashardor harderthansatisfiabilitysodo not be
frustratedby not finding a fasteralgorithm. For moreinformation,readFoundationsof ComputerScience, by Alfred V. Aho
andJeffrey D. Ullman, ISBN 0-7176-8233-2,p. 649.
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