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1 Executive Summary

In CS1321-2today, Travis Pinney queriedhow to checkthat one’s hashfunction implementationis correct. While trying to
answerhis question,I discoveredthehashingschemedid notwork asexpected.

I still recommendimplementingthehashfunctionschemepresentedin class:

1. Write a recursive function converting a string into a real numberin the range
� �������

. This works by converting each
characterto its ASCII representation,multiplying by thegoldenratio 	�

��� ��� �������

, droppingthedigits to theleft of
thedecimalpoint,andaddingthefractionalproductof 256andtherecursivecall.

2. Multiply theresultingfractionby � , truncatingthedigitsafterthedecimalpoint.

Sincea computerrepresentsrealnumbersusingonly a finite numberof digits, theanswerwill differ from themathematically
correctanswer, but theschemeis sosimilar to creatingrandomnumbers,which hasa similar propertyof adding,multiplying,
andthendroppingdigits thatI think theschemewill still work well.

2 Executive Summary on How to Check the Hash Function

As written in the“Suggestionsfor Improvement”sectionof thehomework, first implementthehashTable classusingahash
functionalwaysyieldingzero.After testingthecodefor correctness,implementthemoresophisticatedhashfunction.To check
it, have it print thevaluesit yields. If you wish to morethanvisually inspecttheresults,usethehistogramprogramto group
togetherandcountthevalues.

3 Explanation

Warning: Thefollowing presentationis notmathematicallyrigorous,but I hopeit presentsthemainideasin anunderstandable
manner.

Thehashfunctionpresentedin classconceptuallyconsistsof thefollowing parts:

1. Convertingthestringto a (backwards)base-256number.

2. Multiplying by theirrationalnumber	 anddroppingall digits to theleft of thedecimalpoint.

3. Multiplying by thevector’ssize � andtruncating.

Knuthwritesthatthis schemeis mathematicallysoundandperformswell in practice[Knu98b, pp.517–519].
Why doesthis schemework? Supposewe arehashingsomestring ������������������ , which is convertedto a base-2number! � ! � ! � ! � !  , i.e.,

! �#" � �%$ ! �&" � �'$ ! �%" � �%$ ! �#" � ��$ !  #" �  . (We usebase2, not base-256,only to make the
notationshorter.) Considermultiplying by an irrational number

��( ) � ) � ) � ) � )  (�(�( , where
)�*

representbits. For the casethat! ��
 (�(�( 
 !  +
 �
, this is thesum,
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Sincethedigits of theirrationalnumberhaveno repeatingpattern,they appearrandom,andthesumappearsrandom.

If we implementthescheme,convertinga string to a base-256numbercanyield a numbermuchtoo largeto storeinside
aninteger or double. Instead,we mergethefirst two stepsto ensurethenumbersdo not grow too large. Distributing the
multiplicationby 	 causesno problems,i.e.,

! � 	5" � � $ ! � 	5" � � $ ! � 	5" � � $ ! � 	5" � � $ !  	5" �  �
but thenumbersarestill too large. Insteadwe canrearrangethecomputationto useHorner’s rule [Knu98a, Section4.6.4] to
rearrangethecomputationthatpermitsusto distributetakingthefractionalportion.

! � 	 $ � "�� ! � 	 $ � "�� ! � 	 $ � "�� ! � 	 $ � "�� !  	 $ � "�� �6�7�7�8�7��(
Let 9;:=<?>��A@ � representthefractionalportionof thenumber@ . Mathematically, we canshow that

9;:=<?>?�AB $ )�� 
C9;:�<D>?�;9;:�<D>��AB � $ 9;:�<D>?� )��7�
thatis, computingthefractionalportionsof theoperandsdoesnotchangetheanswer. Thus,

9;:=<?>�� ! � 	 $ � "�� ! � 	 $ � "�� ! � 	 $ � "+� ! � 	 $ � "�� !  	 $ � "�� �6�7�8�7�7�8� 

9;:=<?>��;9;:�<D>?� ! � 	 � $ 9;:�<D>�� � "��;9;:�<D>�� ! � 	 � $ 9;:=<?>?� � "��;9;:�<D>�� ! � 	 � $ 9;:=<?>D� � "��E9;:=<?>?� ! � 	 � $ 9;:=<?>�� � "��E9;:=<?>D� !  	 � $ 9;:=<?>�� � "�� �D�8�7�8�7�7�8�7�8�7�7���

i.e.,we computethefractionalportionof eachsignificantoperation.
Surprisingly, whenweprogramthis scheme,theresultinganswerdiffersfrom thecorrectmathematicalanswer. Why? The

problemis thenumberof digits in a floatingpoint numberthata computercanstoreis limited. In effect, our computeradds
somethinglike �.(/) � ) � ) � ) � )  $) � (/) � ) � ) � )  $) � ) � (/) � ) � )  $) � ) � ) � (/) � )  $) � ) � ) � ) � (/)  (
Eachnumbercontributesa finite numberof digits sotheanswerdiffersfrom themathematicalanswerthat involvedsumming
aninfinite numberof digits.

Despitethis precision problem, I claim theschemeis still a goodschemebecauseit closelymodelshow randomnumbers
aregeneratedin computers.Randomnumbersaregeneratedby multiplying thepreviousrandomnumberby aconstant,adding
anotherconstant,andthendroppingall but thelast31 bits. Thus,I still recommendthescheme.
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