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Abstract

Determininga sustainablewithdrawal rateis an importantfactorto considerin retirementinvestmentplan-
ning. An equallyimportantproblemis determininganaccumulationrateyieldinganinvestmentlargeenoughfor
retirement.Both theseproblemsinvolvepredictingtheeffectof periodicincrementalchangesto aninvestment.

Makingpredictionsusinghistoricalaveragesdoesnotyield accuratesolutionsbecauseof thelargevariability
in securityreturns.Insteadwe useusea differentmeasure:Givenaninitial investmentanda periodicincrement,
what is the probability of reachingthe desiredinvestmenttarget given a particular investmentstrategy? We
illustratetheutility of this approachby considering� theaccumulationratesyieldinga desiredretirementgoal,� thetradeoff betweenplacingretirementsavingsin taxedandtax-deferredaccounts,� theeffecton retirementincomeof decreasingthetheinvestment’sstockportionannually,� theimportanceof consideringdifferentassetsin investmentplanning,� thesizeof aninvestmentresultingfrom annuallysaving in anindividual retirementaccount,� theaccumulationratesufficient to payfor collegeeducation,and� therisk-rewardtradeoffs of variousassetson short-terminvestments.

Most importantly, we empirically explore the robustnessof our analysesby consideringthe effect of small
decreasesin return ratesand small variationsin investmenttime periods. Finally, we preciselydescribeour
algorithm,illustratingthattheseinvestmentcalculationsarenot computationallydifficult.

1 The Incr ementalInvestmentProblem

Theincrementalinvestmentproblemgeneralizestheretirementwithdrawal problemandtheassociatedaccumulation
problem.Given

� aninitial investmentvalue �	� ,
� anamount
�� to addto theinvestmenton aperiodicbasis,
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� thenumberof investmentperiods� , and

� aninvestmentstrategy,

the problemis to determinethe final investmentvalue. As we will soonargue, usinghistorical datacausesour
predictionsto vary greatlysowe will insteadadditionallyrequire

� adesiredfinal investmentvalue �	� ,
andcomputetheprobabilitythatthefinal investmentvaluemeetsor exceedsthedesiredfinal investmentvalue,i.e.,��������� . For example,a youngpersonmaysave $2000annuallyfor forty yearsto pay for retirement.If thegoal
is to save $400,000,thegoal is attainedif thefinal investmentvalueis greaterthanor equalto $400,000.A retired
personmay have a $1,000,000investmentandwish to incrementthe investmentby ������� ,000 per year for thirty
years.Thegoalmight beto endwith thesameinvestmentvalueof $1,000,000.

Many differentvariantsof the incrementalinvestmentproblemexist. In thegeneralproblem,theamount
�� to
incrementvarieswith time,but, in thispaper, weconsideronly time-independentincrements
 or inflatedincrements.
In theinflatedincrementinvestmentproblem, theamount
 to investregularly is inflatedaccordingto theU.S.Bureau
of Labor Statistics’s ConsumerPriceIndex [BoLS] or someotherinflation indices. Inflating the final investment
valuebut not necessarilythe increment
 yields the inflated-target incrementinvestmentproblem. Problemsvary
accordingto the timeframe, i.e., the total time duration,andaccordingto the incrementtimeperiod, i.e., the time
betweenincrements.In theyoungpersonexampleabove,thetimeframeis forty yearswith anincrementtimeperiod
of oneyear.

Incrementalinvestmentproblemsalsodiffer accordingto assetallocations.A fixedassetallocationapportioning
fixedinvestmentproportionsto differentassetclassescontrastswith a varyingassetallocationpermittingdifferent
classes’investmentproportionsto vary arbitrarily or accordingto a fixed formula. For example,a formula may
specify that the percentageallocatedto stocksis the maximumof 100%and �! 	"#� age, whereage representsa
person’s agein years.Assetallocationsalsodiffer accordingto theassetsunderconsideration.

The taxationof the investmentalsoaffects the problem. Retirementsavings usuallyoccurin tax-deferredac-
countswith taxespaidatincometaxratesuponwithdrawal. Investmentsin taxedaccountsincurtaxationasdividends
areearnedandwhencapitalgainsarerealized.For example,stockdividendsaretaxedin theyear, but appreciation
in thestock’s valueis taxedonly in theyearwhensold. In this paper, we will ignoretaxespaidwhenwithdrawing
money from tax-deferredaccounts,assumingthattaxeswill bepaidfrom thewithdrawn amount.

1.1 Withdrawal and Accumulation ProblemsDiffer

The incrementalinvestmentproblemencompassesboth the withdrawal problemandthe associatedaccumulation
problemraisingthequestionhow thewithdrawal andaccumulationproblemsdiffer. Intuitively, a withdrawal prob-
lem may begin with an investment,incrementinga negative amountevery periodandendingwith no investment.
An accumulationproblem“runs timesbackwards”startingwith no investment,incrementingby a positive amount
everyperiodandendingwith aninvestment.Thus,onemightbetemptedto useatableof accumulationdatato solve
a withdrawal problemby just negatingthe incrementanddeclarethereis no needto separatelyinvestigatethe two
problems.

Giventhesamemarket conditions,theaccumulationandwithdrawal problemsreactdifferently. Theaccumula-
tion problemyields the largestfinal valuewhenaddingmoney duringdown market periods,while thewithdrawal
problemendswith the largestvalueduringup market periods.Intuitively, eachdollar addedto an investmentpur-
chasesmoreshareswhensharepricesarelow, while eachdollarwithdrawn requiresfewer shareswhenshareprices
arehigh. Moremathematically, considerasimulationwith threetimeperiods� , � , and  . Assumeshareprices$ and$ arefixedfor bothproblems,initially � sharesareowned,andthat 
 is investedat time 1. Thus,the investment’s
final valueis $&%'�#()
+*,$.- . Assuming$ and � arefixed,this valueis maximizedfor apositive 
 by minimizing $ and
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Figure 1: Final investmentvaluesof twenty-yeartimeframesfor $1.0 million investedin large-company stocks
withdrawing $90,000annually.

for a negative 
 by maximizing$ . Thusthefinal endingvaluefor theaccumulationandwithdrawal problemsdiffer
underthesamemarket conditions.

1.2 Measuring SuccessUsing Probabilities

For the incrementalinvestmentproblem,usingaveragehistoricalreturnratesyieldsmisleadingresultsbecauseof
thelargestandarddeviation in thereturnrates.Insteadweuseexacthistoricalreturnrates,computingtheprobability
of reachingthedesiredfinancialtarget.

Usingaveragehistoricalreturnrates= , theincrementalinvestmentproblemhassuccinctmathematicalrepresen-
tations.As a recurrenceequation,

���?> @ ��� if AB>C�� �EDGF %H�I( =J-G(K
 otherwise

At eachtime period,theinvestment’s valueis increasedby theaveragerateandits valueis incrementedby 
 . As a
closedformula,

���?>L�	�	%H�M( =J- � (K
 %H�M( =	- � �N�= O
Basically, thevaluegrows exponentiallywith time. Unfortunately, the large standarddeviation in historicalreturn
ratesreducesthe usefulnessof this approximation.The standarddeviation for large-company stocksover 1926–
1997was20.3%with anannualgeometricmeanof 11.0%[Ass99, Chapter6]. Withdrawing $90,000annuallyfor
twentyyearsfrom $1,000,000investedtotally in large-company stockswill yield aninvestmentworth$2.28million
accordingto the formula above. Figure1 shows the final investmentvalue for the fifty-four twenty-yearperiods
startingin years1926–1979.Althoughthemeanis aboutthesame,thevaluesrangefrom a high of $11.7million
to $-2.7million, with fifteentime periodsresultingin bankruptcies.This clearlyshows thatusingaveragehistoric
returnratesdoesnotyield usefulpredictions.

claim thatusingaveragesevenwhenusinghistoricaldatais notuseful
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2 Effect of AssetChoice

claims:

� small-capcanbesignificantlybetterthanlarge-cap

� intermediate-termgovt bondsoutperformlong-termgovernmentbonds

� lt corp � lt govt

� notnecessarilytransitive,e.g.,ltcb vs. itgb; treascanoutperformltgb in somecases

� JDO:whatquestion(s)asking

� Craig: whatexperimentswe performedjustificationfor tabledifferences

� JDO:describeour results

� interpretour results

– Craig: bonds

– JDO:stocks

charts:lcoVltcb.txt vs.scoVltcb.txt lcoVltcb.txt vs.scoVltgb.txt lcoVltgb.txt vs.scoVitgb.txt
For theretirementwithdrawal problem,Cooley etal.Finish:Add citationconsideredonly large-company stocks

andlong-termcorporatebonds(with oneadditionaltableincorporatingU.S.Treasurybills). Weinvestigatetheeffect
of otherassetclasseson theprobabilityof success.To avoid anexponentialnumberof comparisons,we restrictour
investigationto pairwisecomparisonsof assets.

Craig, we needto mentionuseof small-company stocksandlong-termcorporatebonds,which areusedonly
for this experiment,not for others.tax-free,fixedassetallocation,comparisonscloseto Cooley et al., useof table
subtractions

Tables1, 2, and3 sampletheresults.Significantdifferencesaremainly foundalongtheupper-slopingdiagonal
becausethe left columns,representingsmall withdrawals, usuallyhave high successprobabilitiesparticularly for
higherstockallocationsandtheright columns,representinglargewithdrawals,usuallyhavelow successprobabilities
particularlyfor lower stockallocations.As expected,thebottomrows of Table1 containonly zeroesbecausethese
representthesamebond-onlyallocationsin bothsimulations.Similarly, thetop rows in Tables2 and3 containonly
zeroes.Finish: thisparagraphandmore.
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asset payout
allocation period 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

100/0 20 years 0.2 2.4 -2.1 -11.9 -15.8 -22.2 -30.5 -32.2 -30.7 -23.7
25 years 1.0 1.9 -10.0 -20.1 -23.4 -30.4 -31.5 -26.5 -19.6 -14.2
30 years 1.0 0.2 -10.1 -19.0 -24.4 -33.7 -32.3 -24.6 -23.4 -18.9

75/25 20 years 0.0 0.0 -6.9 -15.9 -20.3 -29.5 -33.6 -29.3 -22.3 -17.3
25 years 0.0 0.0 -16.1 -28.8 -33.3 -31.6 -25.2 -20.8 -14.2 -9.7
30 years 0.0 -4.4 -16.9 -28.0 -34.8 -31.7 -28.7 -22.1 -15.3 -10.8

50/50 20 years 0.0 0.0 -9.6 -19.6 -30.5 -33.3 -23.7 -14.3 -8.3 -4.9
25 years 0.0 -2.1 -21.0 -38.0 -32.1 -23.1 -11.3 -7.1 -4.4 -3.5
30 years 0.0 -10.6 -29.8 -40.4 -35.2 -17.4 -11.2 -6.0 -4.1 -3.3

25/75 20 years 0.0 0.0 -13.0 -27.7 -15.7 -6.0 -7.6 -5.3 -3.1 -1.4
25 years 0.0 -9.5 -39.0 -12.6 -4.9 -9.7 -5.9 -2.1 -1.0 -0.3
30 years 0.0 -33.3 -23.6 -4.6 -12.0 -8.9 -1.9 -0.8 0.0 0.0

0/100 20 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
25 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
30 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table1: Differenceof successprobability betweenlarge-company andsmall-company stockswhen pairedwith
long-termcorporatebonds. Assetallocationsindicatethe ratio of stocksto bonds. A positive (negative) number
indicatesahighersuccessfor large-(small-)company stocks.

asset payout
allocation period 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

100/0 20 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
25 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
30 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

75/25 20 years 0.0 0.0 0.8 1.2 0.9 1.9 0.5 0.7 0.5 0.9
25 years 0.0 0.0 2.1 0.3 1.2 1.2 0.5 1.2 0.3 0.3
30 years 0.0 2.4 1.7 -0.2 0.8 1.5 1.7 0.7 0.2 0.0

50/50 20 years 0.0 0.0 1.9 -0.2 4.4 3.5 5.0 2.2 0.8 0.0
25 years 0.0 2.8 4.1 2.2 3.5 2.9 1.9 0.2 0.3 0.0
30 years 0.0 3.7 2.3 5.0 2.5 2.5 0.4 0.4 0.0 0.0

25/75 20 years 0.0 0.2 4.0 5.3 6.5 6.0 3.4 2.7 0.0 0.0
25 years 0.0 6.4 3.1 3.3 5.9 2.4 0.7 0.0 0.0 0.0
30 years 0.0 10.0 5.2 7.9 2.7 0.4 0.0 0.0 0.0 0.0

0/100 20 years 0.0 6.7 12.2 4.1 1.7 2.3 8.3 0.0 0.0 0.0
25 years 1.7 12.3 1.9 2.5 7.5 0.9 0.0 0.0 0.0 0.0
30 years 31.7 1.9 2.5 9.3 0.0 0.0 0.0 0.0 0.0 0.0

Table2: Differenceof successprobability betweenlong-termcorporatebondsand long-termgovernmentbonds
whenpairedwith large-company stocks.Assetallocationsindicatetheratioof stocksto bonds.A positive (negative)
numberindicatesahighersuccessfor long-termcorporate(government)bonds.
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asset payout
allocation period 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

100/0 20 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
25 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
30 years 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

75/25 20 years 0.0 0.0 -4.8 -1.1 0.2 -2.7 -0.8 -0.2 -0.3 -0.9
25 years 0.0 0.0 -4.3 -1.9 0.0 1.0 -0.2 -2.6 -0.1 -0.3
30 years 0.0 -6.6 -1.7 0.8 0.4 0.0 -2.1 -0.9 -0.2 0.0

50/50 20 years 0.0 0.0 -10.7 -0.4 -4.7 -0.8 -6.0 0.5 0.0 0.3
25 years 0.0 -4.9 -8.4 0.0 -0.4 -2.0 0.5 0.0 0.0 0.0
30 years 0.0 -14.3 -6.9 -0.1 -2.5 1.3 0.0 0.0 0.0 0.0

25/75 20 years 0.0 -0.2 -13.7 -9.2 -10.1 0.7 0.5 0.0 0.0 0.0
25 years 0.0 -15.9 -12.1 -6.2 1.5 1.3 0.0 0.0 0.0 0.0
30 years 0.0 -29.9 -13.9 2.4 2.1 0.0 0.0 0.0 0.0 0.0

0/100 20 years 0.0 -7.3 -30.3 -6.6 0.8 3.0 0.0 0.0 0.0 0.0
25 years 3.0 -40.2 1.2 1.4 1.9 0.0 0.0 0.0 0.0 0.0
30 years -27.1 -3.7 2.0 0.4 0.0 0.0 0.0 0.0 0.0 0.0

Table3: Differenceof successprobabilitybetweenlong-termgovernmentandintermediate-termgovernmentbonds
whenpairedwith large-company stocks.Assetallocationsindicatetheratioof stocksto bonds.A positive (negative)
numberindicatesahighersuccessfor long- (intermediate-)termgovernmentbonds.
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