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Abstract

Determininga sustainablavithdraval rateis animportantfactorto considerin retirementinvestmentplan-
ning. An equallyimportantproblemis determininganaccumulatiorrateyielding aninvestmentargeenoughfor
retirement.Both theseproblemsnvolve predictingthe effect of periodicincrementathangedo aninvestment.

Making predictionsusinghistoricalaveragesioesnotyield accuratesolutionsbecaus@f thelarge variability
in securityreturns.Insteadwe useusea differentmeasureGivenaninitial investmentanda periodicincrement,
what is the probability of reachingthe desiredinvestmenttarget given a particularinvestmentstratgy? We
illustratethe utility of this approactby considering

e theaccumulatiorratesyielding adesiredretirementgoal,

o thetradeof betweerplacingretirementsavingsin taxedandtax-deferrecaccounts,

o theeffectonretirementincomeof decreasinghetheinvestment stockportionannually

o theimportanceof consideringdifferentassetsn investmenplanning,

¢ thesizeof aninvestmentesultingfrom annuallysaving in anindividual retirementaccount,
e theaccumulatiorratesufficientto payfor collegeeducationand

o therisk-rewardtradeofs of variousasset®n short-terminvestments.

Most importantly we empirically explore the robustnesof our analyseshy consideringthe effect of small
decrease returnratesand small variationsin investmenttime periods. Finally, we preciselydescribeour
algorithm,illustratingthattheseinvestmentalculationsarenot computationallydifficult.

1 The lncrementallnvestmentProblem

Theincrementainvestmenproblemgeneralizegheretiremenwithdraval problemandtheassociatedccumulation
problem.Given

e aninitial investmentvaluevy,

e anamountl; to addto theinvestmenbn a periodichasis,
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e thenumberof investmenfperiodsn, and
e aninvestmenstratgy,

the problemis to determinethe final investmentvalue. As we will soonargue, using historical datacausesour
predictionsto vary greatlysowe will insteadadditionallyrequire

e adesiredfinal investmentaluewv,,

andcomputethe probability thatthe final investmentvaluemeetsor exceedghe desiredfinal investmentvalue,i.e.,
vp, > vg. FOr example,ayoungpersonmay save $2000annuallyfor forty yearsto pay for retirement.If the goal
is to save $400,000the goalis attainedif thefinal investmentvalueis greaterthanor equalto $400,000.A retired
personmay have a $1,000,000nvestmentand wish to incrementthe investmentby —$30,000 per year for thirty
years.The goalmight beto endwith the sameinvestmentwalueof $1,000,000.

Many differentvariantsof the incrementainvestmentproblemexist. In the generalproblem,the amount/; to
incrementarieswith time, but, in this paperwe consideionly time-independerihcrementd orinflatedincrements.
In theinflatedincremeninvestmenproblem theamountl to investregularlyis inflatedaccordingo theU.S.Bureau
of Labor Statisticss ConsumerPrice Index [BoLS] or someotherinflation indices. Inflating the final investment
value but not necessarilthe increment[ yields the inflated-taget incrementinvestmenproblem Problemsvary
accordingto thetime frame i.e., the total time duration,andaccordingto the incrementtime period i.e., thetime
betweerincrementsin theyoungpersonexampleabore, thetime frameis forty yearswith anincrementime period
of oneyear

Incrementalnvestmenproblemsalsodiffer accordingo assetllocations A fixedassetllocationapportioning
fixedinvestmenfproportionsto differentassetlassesontrastsvith avarying assetallocation permittingdifferent
classes’investmentproportionsto vary arbitrarily or accordingto a fixed formula. For example,a formula may
specify that the percentagallocatedto stocksis the maximumof 100% and 125 — age, whereage representa
persons agein years.Assetallocationsalsodiffer accordingo the assetsinderconsideration.

The taxationof the investmentalsoaffectsthe problem. Retirementsavings usually occurin tax-deferredac-
countswith taxespaidatincometaxratesuponwithdrawal. Investmentén taxedaccountsncurtaxationasdividends
areearnedandwhencapitalgainsarerealized.For example,stockdividendsaretaxedin the year but appreciation
in the stocks valueis taxed only in theyearwhensold. In this paperwe will ignoretaxespaid whenwithdraving
money from tax-deferredaccountsassuminghattaxeswill be paidfrom thewithdravn amount.

1.1 Withdrawal and Accumulation ProblemsDiffer

The incrementalinvestmentproblemencompassesoth the withdrawval problemandthe associatecdccumulation
problemraisingthe questionhow thewithdraval andaccumulatiorproblemsdiffer. Intuitively, a withdraval prob-

lem may begin with aninvestmentjncrementinga negative amountevery period and endingwith no investment.
An accumulatiorproblem“runs timesbackwards” startingwith no investmentjncrementingoy a positive amount
every periodandendingwith aninvestment.Thus,onemightbetemptedo useatableof accumulatiordatato solve

awithdrawal problemby just neggatingthe incrementanddeclarethereis no needto separatelynvestigatethe two

problems.

Giventhe samemarket conditions the accumulatiorandwithdrawval problemsreactdifferently Theaccumula-
tion problemyields the largestfinal valuewhenaddingmone/ during dovn market periods,while the withdrawal
problemendswith thelargestvalueduring up market periods. Intuitively, eachdollar addedto aninvestmentpur
chasesnoresharesvhensharepricesarelow, while eachdollar withdravn requiresfewer sharesvhenshareprices
arehigh. More mathematicallyconsidera simulationwith threetime periods0, 1, and2. Assumesharepricesp and
p arefixedfor both problemsinitially n sharesareowned,andthat/ is investedattime 1. Thus,theinvestment
final valueis p(n + I/p). Assumingp andn arefixed,this valueis maximizedfor a positive I by minimizing p and



Variability in Final Investment Value
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Figure 1: Final investmentvaluesof twenty-yeartimeframesfor $1.0 million investedin large-compay stocks
withdrawving $90,000annually

for anegative I by maximizingp. Thusthefinal endingvaluefor theaccumulatiorandwithdraval problemsdiffer
underthe samemarket conditions.

1.2 Measuring SuccessJsing Probabilities

For the incrementainvestmentproblem,usingaveragehistorical returnratesyields misleadingresultsbecausef
thelargestandardieviationin thereturnrates.Insteadwe useexacthistoricalreturnrates,computingthe probability
of reachingthedesiredfinancialtamget.

Usingaveragehistoricalreturnratesr, theincrementalnvestmenproblemhassuccinctmathematicatepresen-
tations.As arecurrenceequation,

vy — (%) ift=20
P77l w1 (14+7) + 1 otherwise

At eachtime period,theinvestmens valueis increasedy the averagerateandits valueis incrementedy I. As a
closedformula,

=l

1+ )t—l'

Uy = ’U()(l +F)t +I

3|

Basically the valuegrows exponentiallywith time. Unfortunately the large standarddeviation in historicalreturn
ratesreduceghe usefulnes®f this approximation. The standarddeviation for large-compan stocksover 1926—
1997was20.3%with anannualgeometricmeanof 11.0%[Ass99 Chapter6]. Withdraving $90,000annuallyfor

twentyyearsfrom $1,000,000nvestedtotally in large-compan stockswill yield aninvestmenivorth $2.28million

accordingto the formulaabore. Figure 1 shaws the final investmentvalue for the fifty-four twenty-yearperiods
startingin years1926-1979.Althoughthe meanis aboutthe same the valuesrangefrom a high of $11.7million

to $-2.7million, with fifteentime periodsresultingin bankruptcies.This clearly shavs thatusingaveragehistoric
returnratesdoesnotyield usefulpredictions.

claimthatusingaveragesvenwhenusinghistoricaldatais not useful



2 Effect of AssetChoice

claims:
¢ small-capcanbesignificantlybetterthanlarge-cap
e intermediate-terngovt bondsoutperformlong-termgovernmentionds
e It corp> It govt

e notnecessarilfransitive, e.g.,ltcb vs. itgb; treascanoutperformltgb in somecases

¢ JDO:whatquestion(spsking

e Craig: whatexperimentswe performedustificationfor tabledifferences
e JDO:describeourresults

e interpretourresults

— Craig: bonds
— JDO:stocks

charts:lcoVitch.txt vs. scoVltchtxt IcoVitch.txt vs. scoVitghbtxt IcoVitgh.txt vs. scoMtghb.txt

For theretirementithdraval problem,Cooley etal. Finish: Add citation considereanly large-compan stocks
andlong-termcorporatebonds(with oneadditionaltableincorporatingJ.S. Treasunyills). Weinvestigataheeffect
of otherassetlasse®n the probability of successTo avoid anexponentialnumberof comparisonsye restrictour
investigationto pairwisecomparison®f assets.

Craig, we needto mentionuseof small-compay stocksandlong-termcorporatebonds,which are usedonly
for this experiment,not for others.tax-free,fixed assetallocation,comparisongloseto Cooley et al., useof table
subtractions

Tablesl, 2, and3 sampletheresults.Significantdifferencesaremainly foundalongthe upperslopingdiagonal
becausedhe left columns,representingmall withdrawals, usually have high succesgrobabilitiesparticularly for
higherstockallocationsandtheright columnsrepresentindargewithdravals, usuallyhave low succesgrobabilities
particularlyfor lower stockallocations.As expectedthe bottomrows of Table1 containonly zeroesbecaus¢hese
representhe samebond-onlyallocationsn bothsimulations.Similarly, thetop rows in Tables2 and3 containonly
zeroegs=inish: this paragrapfandmore
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asset payout
allocation  period | 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%
100/0 20years| 0.2 24 -21 -119 -158 -22.2 -30.5 -32.2 -30.7 -23.7
25years| 1.0 1.9 -100 -20.1 -234 -304 -315 -26.5 -19.6 -14.2
30years| 1.0 0.2 -10.1 -19.0 -24.4 -33.7 -32.3 -24.6 -23.4 -18.9

75/25 20years| 0.0 0.0 -69 -159 -20.3 -295 -33.6 -29.3 -22.3 -17.3
25years| 0.0 0.0 -16.1 -28.8 -33.3 -31.6 -25.2 -20.8 -14.2 -9.7
30years| 0.0 -44 -16.9 -28.0 -34.8 -31.7 -28.7 -22.1 -15.3 -10.8

50/50 20years| 0.0 0.0 -96 -19.6 -30.5 -33.3 -23.7 -143 -83 -4.9
25years| 0.0 -21 -21.0 -380 -321 -23.1 -11.3 -71 -44 -35
30years| 0.0 -10.6 -29.8 -404 -35.2 -174 -11.2 -6.0 -41 -3.3

25/75 20years| 0.0 0.0 -13.0 -27.7 -157 -60 -76 -53 -31 -14
25years| 00 -95 -390 -126 49 -97 -59 -21 -10 -03
30years| 0.0 -33.3 -236 -46 -120 -89 -19 -0.8 0.0 0.0
0/100 20years| 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
25years| 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
30years| 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 1: Differenceof succesgprobability betweenlarge-compan and small-compan stockswhen pairedwith
long-termcorporatebonds. Assetallocationsindicatethe ratio of stocksto bonds. A positve (negatve) number
indicatesa highersuccesgor large-(small-) comparny stocks.

asset payout
allocation period| 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%
100/0 20years| 00 0.0 0.0 0.0 00 0.0 00 00 0.0 0.0
25years| 00 0.0 0.0 0.0 00 0.0 00 00 0.0 o0.
30years| 000 0.0 0.0 0.0 00 0.0 00 00 0.0 0.0

75/25 20years| 00 00 08 12 09 19 05 07 05 0.9
25years| 00 0.0 21 03 12 12 05 12 03 03
30years| 00 24 17 -02 08 15 1.7 0.7 02 0.0

50/50 20years| 00 00 19 -02 44 35 50 22 08 0.0
25years| 00 28 41 22 35 29 19 02 03 0.0
30years| 00 37 23 50 25 25 04 04 00 00

25/75 20years| 00 0.2 40 53 65 60 34 27 00 0.0
25years| 00 64 31 33 59 24 07 00 00 0.0
30years| 0.0 100 52 79 27 04 00 00 00 0.0
0/100 20years| 0.0 6.7 122 41 17 23 83 00 00 0.0
25years| 1.7 123 19 25 75 09 00 00 0.0 0.0
30years| 31.7 19 25 93 00 0.0 00 00 0.0 0.0

Table 2: Differenceof succesgrobability betweenlong-termcorporatebondsand long-termgovernmentbonds
whenpairedwith large-compan stocks.Assetallocationsndicatetheratio of stocksto bonds.A positive (negative)
numberindicatesa highersuccesgor long-termcorporatggovernment)onds.



asset payout
allocation  period| 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%
100/0 20years| 0.0 0.0 0.0 0.0 0.0 00 0O 00 00 o000
25years| 0.0 0.0 0.0 0.0 0.0 00 0O 00 00 o000
30years| 0.0 0.0 0.0 0.0 0.0 00 00 00 00 0.0

75/25 20years| 0.0 0.0 -48 -11 02 -27 -0.8 -0.2 -03 -0.9
25years| 0.0 0.0 -43 -19 0.0 10 -02 -26 -01 -03
30years| 0.0 -6.6 -1.7 0.8 04 00 -21 -09 -0.2 0.0

50/50 20years| 0.0 0.0 -10.7 -04 -47 -08 -60 05 00 03
25years| 00 -49 -84 00 -04 -20 05 00 00 O0.0
30years| 00 -143 -69 -01 -25 13 00 00 00 0.0

25/75 20years| 0.0 -0.2 -13.7 -92 -101 07 05 00 00 0.0
25years| 0.0 -15.9 -12.1 -6.2 15 13 00 00 0.0 0.0
30years| 0.0 -29.9 -139 24 21 00 00 00 00 0.0
0/1200 20years| 0.0 -7.3 -30.3 -6.6 08 30 00 00 00 0.0
25years| 3.0 -40.2 1.2 14 19 00 00 00 00 0.0
30years| -27.1  -3.7 20 04 0.0 00 0O 00 00 0.0

Table3: Differenceof succesprobabilitybetweernong-termgovernmeniandintermediate-terngovernmentoonds
whenpairedwith large-compan stocks.Assetallocationsndicatetheratio of stocksto bonds.A positive (negative)
numberindicatesa highersuccess$or long- (intermediate-Jermgovernmentoonds.



