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We sketchthewithdrawal andaccumulationprogramspecification,outlining
its input,output,andcomputation.

1 Revisions

2000Apr27:Addedageto C++ programinput specification.Addedspecification
of C++ program’soutput.

2000Apr25:Addedfinancialtargetinflationbooleanto theinput.
2000Apr18: Changedthe monthly modificationspecificationfrom propor-

tional splitting to a 50%/50%split betweencapitalappreciationandincomere-
turn. Rationale: Proportionalsplitting is hard to specify if one return rate is
positive and one is negative. Suggestionsfor a more realistic arrangementare
solicited.

2000Apr18: Added input specificationfor the C++ programto the end of
Section2.

2 Program Outline

Theprogramconsistsof threeseparatepieces:� aWWW interfacetakinginput from theuseranddisplayingtheresults,�
c
�

2000Jeffrey D. Oldham(oldham@cs.trinity.edu). All rightsreserved.This docu-
mentmaynot beredistributedin any form without theexpresspermissionof theauthor.
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� aCGI programcheckingtheinput for correctvalues,invoking theunderly-
ing program,andsendingits resultsasaWWW page,and� thewithdrawalandaccumulationprogramusinghistoricaldatato determine
theprobabilityof reachingone’sfinancialgoal.

Throughoutthespecification,we notepossiblefeaturesfor futureversionsof
theprogram.Weneednotprogramthesefor this version.

3 Input

We specifytheinput from theuser’s point of view, i.e.,whattheWWW interface
provides.Theuserneedsto specify� themonetaryamounts,� timeperiods,� assetallocations,and� tax information.

3.1 Monetary Amounts

Theusershouldspecifythemonetaryamounts:

initial amount: the initial amountof money to invest. For thewithdrawal prob-
lem,this is themonetaryamountof investments.A default valueof $0 will
easeinput for theaccumulationproblem.

incrementamount: theamountof money to investeverytimeperiod.A negative
amountindicatesa periodicwithdrawal. A default valueof $100might be
nice.

incrementinflation: a booleanindicatingwhethertheincrementamountshould
beinflatedby theConsumerPriceIndex (CPI).A valueof trueindicatesthe
incrementamountshouldbe increasedevery month by the monthly CPI.
A valueof falseindicatestheamountshouldremainunchangedduringthe
entiresimulation.A default valueof truewill easeinput for thewithdrawal
problem.
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financial target: thedesiredendingamountof money. For thewithdrawal prob-
lem, this is probably$0, i.e., theendingamountof money is at least$0. A
default valueof $0 will easeinput for thewithdrawal problem.

financial target inflation: abooleanindicatingwhetherthedesiredendingamount
of money shouldbe inflatedby the CPI. For the withdrawal problem,the
financialtargetis probably$0 sotheboolean’svalueis moot.For theaccu-
mulationproblem,specifyinga truevaluewill indicatethefinancialtarget
is specifiedin currentdollarsanda falsevaluewill indicatethetarget is in
futuredollars.A default valueof truewill easeinput.

All monetaryamountsshouldberoundedto thenearestdollar. Only theincrement
amountmaybenegative.

3.2 Time Periods

Theusershouldspecifythetimeperiods:

time frame: thelengthof timeto investthemoney. A defaultvalueof twenty-five
yearsmayeaseinput for thewithdrawal problem.

incrementtime period: thelengthof timebetweenperiodicinvestments.At the
endof eachincrementtimeperiod,theincrementamount(inflatedif appro-
priate)is addedto the investment.The time frameneednot be a multiple
of the incrementtime period. A default valueof twelve monthsmayease
input.

Time periodsmust have positive length. Sincewe will usemonthly historical
data,the smallestunit for time periodsshouldbe onemonth. The WWW page
designersshouldproducetheclearestinterfacepermittingtime periodsup to the
nearestmonth.

In anadvancedversion,wemaypermitspecifyingtherangeof historicaldata
to use.For example,usersmight specifysimulatingusingpost-WWIIdataonly.

Theinitial money is assumedto beinvestedatthebeginningof thetimeframe.
Thefirst incrementoccursat theendof thefirst time period.All investmentsare
soldat theendof thetime frame.For example,considera time frameof twenty-
threeyearsstartingin 1926with anincrementtimeperiodof fiveyears.Theinitial
investmentis made1926Jan01. Incrementalinvestmentsoccuron thelastdayof
1930,1935,1940,and1945.Theentireinvestmentis soldonthelastdayof 1948.
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3.3 AssetAllocations

Theusershouldspecifythedesiredassetallocation.Every rebalancingtime pe-
riod, assetsare sold or purchasedto move the investmentback to the desired
allocation.

Someusersmaywish to specifya fixedassetallocation,choosingamongthe
following assets:

largecompanystocks: stocksof the largestU.S.-basedcompanies.For recent
years,this is just theS&P 500.

long-term government bonds: bondsusually with a twenty-yearmaturity in-
vestedin theU.S.federalgovernment.

intermediate-term government bonds: bondswith at leasta five-yearmaturity
investedin theU.S.federalgovernment.

U.S.Treasurybills: in financial jargon, “cash.” This is investedin the shortest
periodrisk-freeU.S.governmentdebtwith at leastonemonthin maturity.
As cash,thebills provideno capitalappreciation.

Theassetallocationsshouldbespecifiedasintegral percentagestotalling to 100.
Default valuesof �����
	���	���
	������ mighteaseuserinput.

Alternatively, the usercould specify one of threeage-dependentformulae:
strategy stockallocation LT governmentbondallocation

conservative ��������������� age	�������� remainder
moderate �������������� age	�������� remainder

aggressive ����������� ��� age	�������� remainder
Thus,theusershouldalsosupplyastartingage.

Thehistoricaldatafor small company stocksandlong-termcorporatebonds
doesnotprovideseparatecapitalappreciationandincomereturnssoweomit these
assetclassesfrom oursimulation.An advancedversionmight includesmallcom-
pany stock data,assumingno incomereturn. An advancedversioncomputing
for tax-freeaccumulationor withdrawal might alsoincludelong-termcorporate
bonds.

3.4 Tax Inf ormation

The programwill simulateinvestmentgrowth in either a tax-freeor a taxable
account,asspecifiedby the user. If the investmentis held in a taxableaccount,
theusershouldspecify:
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long-term capital gainstax rate: the tax rate for long-termcapital gains. For
simplicity, the long-termcapitalgainstax rateis appliedto any assetheld
(strictly) longerthanoneyear, while theshort-termrateis appliedfor any
assetheld twelve monthsor less.For simplicity, theshort-termrateequals
the ordinary incometax rate. The rate must be in the range !"��	����#�%$ . A
default valueof 20, i.e.,a rateof 20%,mighteaseuserinput.

ordinary incometax rate: the tax rate for short-termcapital gains,dividends,
andordinaryincome.Theratemustbein therange!"��	����#�%$ . A defaultvalue
of 28, i.e.,a rateof 28%might easeuserinput.

holding time period for assets: the lengthof time to hold an assetbeforeit is
sold. For example,theusercouldspecifyall stocksandbondsareheldfor
five yearsandthensold. Alternatively, we couldhave specifiedanaverage
annualturnover rate,i.e.,whatfractionof theportfolio is soldeveryyear.

Theprogramassumes:� All investmentsaresold at theendof the time framewith the appropriate
taxespaid.� All taxesarepaidwhenanassetis soldevenif this is duringthemiddleof
thecalendaryear.� Sellingassetsata lossdoesnot incurany taxes,but thelossdoesnot reduce
thetaxeson incomeor futureyear’s taxes.

A futureversionmightusehistoricaltax informationto 1) providemoreaccu-
ratecalculationsand2) show whethermarket returnsandtax ratesarecorrelated.
It may also incorporatethe actualhistorical capitalgainstax rules,which have
variedthroughtime.

3.5 Sensitivity Analysis

The WWW pageneednot ask the userfor sensitivity analysisinput. A future
versionmayrequireinput.

Theunderlyingcomputationshouldsupportmodifying thehistoricalmonthly
returnratesby a givenfixed percentage.A positive numberindicatesexceeding
historicalreturnrates,while a (morelikely) negativenumberindicatesnot attain-
ing thehistoricalrates.For assetswith returnratesspecifiedseparatelyascapital
appreciationandincomereturns,thepercentageshouldbesplit evenly.
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As an aside,the annualmodificationamount & technicallydependson the
monthlyreturnsaccordingto theformula:& ')( * ��,+.- jan

+0/1/�/�+ ��2+3- dec 4 	
where( is themonthlymodificationamount.For ourpurposes,wewill approxi-
matethis formulaas & 56���%( .

3.6 C++ Program Input Specification

TheC++ program’s input shouldbereadfrom thecommand-linearguments.See
Table1. Note that either the choiceof the age-varying assetallocationformula
andtheagexor thefixedassetallocationsarespecifiedin theinput. Also, thetax
ratesareomittedif taxesarenotbeingcomputed.Collin andI decidedto omit the
databasefile names.The C++ programandnot the CGI programwill probably
know their location.

Craigrecommendsthatall inputprocessingbeperformedinsidesomefunction
to modularizethecode.

4 Output

Thewithdrawal andaccumulationprogramproducestheprobabilityof meetingor
exceedingthefinancialgoalandalsoproducestheaverageandstandarddeviation
of thetime frames’investmentamounts.Theprobability, specifiedastheratio of
time framesmeetingor exceedingthegoal to thenumberof time frames,should
bedisplayedasanintegralpercentagewith maximumvalue100%.To avoid mis-
leadingtheuser, theaverageandstandarddeviationshouldperhapsberoundedto
threesignificantdigits.

Probabilitiesshouldbedisplayedassuming� theuser’s investmentactuallyattainsthehistoricalratedata,� theuser’s investmenthasamonthlymodificationamountof -0.03%,and� theuser’s investmenthasamonthlymodificationamountof -0.10%.

A futureversionmight displayhistogramsof theendingamounts.
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initial investmentamount unsignedlong
investmentincrementamount long (positive, zero,or negative)
incrementby inflation? 0 = nomonthlyinflation increment,

1 = inflation increment
desiredinvestmenttarget unsignedlong
financialtarget inflation 0 = nomonthlyinflation,1 = inflate

target
time frame monthsaspositive long
incrementtime frame monthsaspositive long
age-varyingassetallocation 0 = fixed,1 = age-varying
age-varyingformula 1 = conservative, 2 = moderate,3 =

aggressive
if varying

age unsignedlong (agein years) if varying
large-company allocation unsignedlong in range7 8�9;:�8�81< if fixed
long-termgovt bondallocation unsignedlong in range7 8�9;:�8�81< if fixed
intermediate-termgovt bondalloca-
tion

unsignedlong in range7 8�9;:�8�81< if fixed

Treasurybill allocation unsignedlong in range7 8�9;:�8�81< if fixed
taxes? 0 = no taxes,1 = taxed
long-termcapitalgainstax rate nonnegative integer in range7 8�9;:�8�81< if taxed

ordinaryincometax rate nonnegative integer in range7 8�9;:�8�81< if taxed

asset-holdingtime monthsaspositive long if taxed
monthlyratemodification double(asapercentage)
file of stockcap.apprec.returns string
file of stockincomereturns string
file of LT govt. bondscapitalappre-
ciationreturns

string

file of LT govt. bondsincome re-
turns

string

file of IT govt. bondscapitalappre-
ciationreturns

string

file of IT govt. bonds income re-
turns

string

file of U.S.Treasurybill returns string
file of inflation data string

Table1: C++ ProgramInputSpecification
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4.1 Output fr om the Computation Program

For onesetof input, the C++ programwill producethe following outputall on
oneline.� an integer indicatingsuccess,i.e., 0, or failure, i.e., a nonnegative integer

not0,� theprobabilityof successasanintegerin therange !"��	������=$ ,� the averageendinginvestmentvalue as a nonnegative integer with three
significantdigits,� thestandarddeviationof theendinginvestmentvalueasanonnegativeinte-
gerwith threesignificantdigits.

5 Computation

First, we will describea computationwithout capitalgainstaxes. Then,we will
revisethecomputationto incorporatecapitalgainstaxes.

5.1 Dealingwith the Historical Data

Theprogramshouldcomputetheprobabilityof successandtheaverageandstan-
darddeviation over all time frames. So that the historical returndataneednot
be repeatedlyreadfrom disk, it could be readinto STL vectors. Secondly, this
datamight bepackagedin a classwith a functionreturningthehistoricalratefor
a specifiedasset,year, month,andincomeor capitalappreciation.Usingsucha
classwill hopefullyavoid indexing problems.

A statisticsclassaccumulatingtheprobabilityof success,theaverage,andthe
standarddeviation couldeasecollectingthis data. Its constructorcould take the
desiredtarget.Everytimeanadditionalpieceof datais computed,aclassmember
functioncouldbeinvoked. Its destructorcouldprint thestatistics.

In the text below, we will concentrateon determiningthe final investment
valuefor a particulartime frame.We will assumetheprogramwill loop through
all possibletime frames.
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5.2 Tax-freeAccumulation and Withdrawal

To computethefinal tax-freeaccumulationor withdrawal amount,usefulvalues
include

total investmentvalue: thetotal valueof all investmentsat any particulartime

current assetallocation: a mappingfrom assettype to the percentageinvested
in theparticularasset.For example,stockscouldform 0.60fractionof the
total investment.It might be useful to make a C++ assetallocationclass.
Thisclasscouldincludetheperson’sageif appropriate.

incrementamount: theamountto incrementtheinvestment.This amountis in-
flatedif specifiedby theuser.

monthsuntil incrementing: the numberof monthsuntil the investmentshould
beincremented.

monthsuntil finish: thenumberof monthsuntil thetime frameends.

Thestepsto performat thetime frame’s beginninginclude:

1. Settheinitial assetallocation.

2. Set the total investmentvalueand the incrementvalue to the appropriate
values.

3. Setthemonthsuntil incrementingandthemonthsuntil finishingto theap-
propriatevalues.

Thestepsto performattheendof eachmonthandbeginningof thenext month
include:

1. Increasetheinvestmentin eachassetby theasset’s returnthatmonth.

monthlyrate 5 capitalappreciation+ incomerate + monthlymodification

2. Inflatetheincrementamountif appropriate.

3. If the investmentshouldbe incremented,increaseits valueand resetthe
numberof monthsuntil thenext increment.

4. Decrementthenumberof monthsuntil thetime frameends.
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5. Updatetheassetallocationaccordingto theformulaif usinganage-dependent
formula.

When the simulationof this time frame ends,recordthe total investment’s
worth.

5.3 TaxedAccumulation and Withdrawal

(This presentationis different that that discussedin classThursday, 13 April.
I conjecturethis approachis more precisethan the approximationdiscussedin
class.)

Taxeson incomecouldeasilybe incorporatedby modifying the monthly re-
turn rateto paytaxesmonthly. Taxeson appreciatedassetsaremorecomplicated
becausethecapitalgainstaxdueis theproductof theincreasein theasset’svalue
andthecapitalgainstax rate. Thus,we will needto remove thebasisof all pur-
chasedassetssubjectto capitalappreciation.

5.3.1 Valuesand Data Structures

Usefulvaluesanddatastructuresinclude

current assetallocation: a mappingfrom assettype to the percentageinvested
in theparticularasset.For example,stockscouldform 0.60fractionof the
total investment.It might be useful to make a C++ assetallocationclass.
Thisclasscouldincludetheperson’sageif appropriate.

incrementamount: theamountto incrementtheinvestment.This amountis in-
flatedif specifiedby theuser.

monthsuntil incrementing: the numberof monthsuntil the investmentshould
beincremented.

monthsuntil finish: thenumberof monthsuntil thetime frameends.

For eachassetsubjectto capitalgains,we shouldrecordthe monthof each
purchase,its purchaseprice,andits currentvalue. Whenthedifferencebetween
thecurrentmonthandapurchase’s dateequalstheassetholdingtimeperiod,that
purchaseshouldbesold.Eachmonth’spurchasesis addedto theotherendof the
queue.Recordingthetotalvalueof eachassetsimplifiessomecalculations.Cash,
i.e.,U.S.Treasurybills, arenotsubjectto capitalappreciation.

Thestepsto performat thetime frame’s beginninginclude:
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1. Settheinitial assetallocation.

2. For eachasset,purchasetheappropriateamountof assets.

3. Settheincrementvalueto theappropriatevalue.

4. Setthemonthsuntil incrementingandthemonthsuntil finishingto theap-
propriatevalues.

5.3.2 EachMonth’ s Computation

Thestepsto performattheendof eachmonthandthebeginningof thenext month
mimic theactionsahumaninvestorwouldperform.

1. Incomefrom eachassetis computedusing the assets’incomereturnrate
andtheuser’s ordinaryincometax rate.For example,theincomefrom the
largecompany stockholdingis theproductof� thetotal largecompany stockvalue,� thestockincomereturnrateplusa proportionof themonthlymodifi-

cationamount,and� oneminustheordinaryincometax rate.

Sincethis incomeis receivedascash,this incomeis addedto theU.S.Trea-
surybill asset,but besureto computetheincomeon theU.S.Treasurybill
assetfirst.

2. Assetvaluesare increasedby the capital appreciationrate. That is, the
currentvaluesof all assetsaremultiplied by theasset’scapitalappreciation
returnrateplusaproportionof themonthlymodificationamount.

3. Assetpurchasesheldfor theentireassetholdingperiodaresoldandcapital
gainstaxesarepaid. Theamountreceivedequalstheasset’s currentvalue.
Thecapitalgainstaxequalstheproductof thecapitalgainstax rateandthe
differencebetweenthe asset’s currentvalueandits purchaseprice. If the
differenceis negative, thetax is zero.Proceedsarepaidin cashsothey are
addedto theU.S.Treasurybill asset.

4. Inflatetheincrementamountif appropriate.
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5. If theinvestmentshouldbeincremented,increasetheTreasurybill assetand
resetthenumberof monthsuntil thenext increment.

6. Decrementthenumberof monthsuntil thetime frameends.

7. Updatetheassetallocationaccordingto theformulaif usinganage-dependent
formula.

8. Redistributetheassetsto meettheassetallocation.Thepresenceof capital
gainstaxescomplicatesthis calculation.

5.3.3 ReallocatingAssetsin the Presenceof Capital GainsTaxes

Overallocatedassets,i.e.,assetsexceedingtheir allocation,shouldbesoldto pur-
chaseunderallocatedassets.Purchasingassetsincursno penalties,while selling
assetsrequirespayingcapitalgainstaxes. The amountof capitalgainstaxesto
paydependsoneachpurchase’s initial price.

A seriesof formula manipulationsyields a set of linear equationsto solve.
Underallocatedassetsareomittedfrom thelinearequations.Assumeassetstypes
1, 2, and3 areoverallocated.Let >@? bethedesiredassetallocationfraction,e.g.,
0.60,for eachtype A . Let B�? representthetotaldollaramountinvestedin theasset.
Let C representthetotal dollar amountin all assets.Let D%? representthemarginal
capitalgainstax ratefor theoldestpurchasein assettype A . For example,suppose
the initial price of the oldestpurchasemay have been$100, its currentvalueis
$150,andthecapitalgainstax rateis 20%.1 Themarginal capitalgainstax rateis
theratio of thetax paid if all of thepurchaseis sold to thepurchase’s value,i.e.,
theratioof ��/E�#�@FG�IH=JK���
	����#�@�L������� and ���#� . Let M�? representthefractionof the
assetto sell.

Solve this setof linearequationsfor M�? .NO �P>RQS�L���1���@�TD QU�VBWQ >RQX�V�Y�TD%Z;�UB�Z >RQX�V�Y�TD%[;�UB�[>\Z=�V�Y�]D Q^�UB�Q �V�Y�_>\Z;�1���@�TD%Z;�VB Z >\Z��V�Y�TD%[;�UB�[>\[=�V�Y�]D Q^�UB�Q >\[��V�Y�TD%Z;�UB�Z �V�`�_>\[a�1�V�`�TD%[;�VB [
bcdNO M�QM=ZM=[

bc 5 NO >RQeCS�_B�Q>\Z^CS�_B�Z>\[^CS�_B�[
bc

Amongall theassetswith M�?fB�? greaterthantheoldestpurchase’scurrentvalue,
sell theassetwith thesmallestmarginal capitalgainstax ratesominimizethetax
paid. If this occurs,form a new setof linearequationsandrepeatthecalculation.

1Usetheordinaryincometax rateif theassetwasheldtwelvemonthsor less.
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Finally, all the M�?gB�? productsare lessthan or equalto asset’s oldestpurchases’
currentvalues,sell M�?gB�? from eachasset,addingthe money to theU.S. Treasury
bill asset.Thenpurchaseunderallocatedassetsusingcashfrom theU.S.Treasury
bill asset.Thepreviouslyoverallocatedassetamountsshouldremainunchanged.
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