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Valid Simplification

Invalid Fallacy of Modus Tollens

Valid Modus Tollens

Valid Digunctive Inference

(Digunctive Syllogism)

Invalid Fallacy of Modus Ponens

1 Simplification

3, 2 Conjunctive Addition
4 Digunctive Addition

2, 1 Modus Ponens
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3, 4 Digunctive Inference

1,2 Modus Tollens
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2, 3Modus Tollens
4 Double Negation
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1 Simplification

2, 5 Modus Ponens

6 Simplification

3, 7 Modus Ponens

8, 4 Digunctive Inference
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Proof by Contradiction

Suppose the argument isinvalid that is when all premises are true, it leads the
conclusion to be false. Since we assume the argument invalid, we haveto try to find at
least one situation to make all premises to be true and conclusion to be false. If we can do
so, then our assumption isright. (To show something wrong, if thereis at |east one case
wrong, then the whole thing iswrong.)

[1] To make the conclusion to be False, —=S v —H must be False. So both —S and —H
must be False. Sis True. H is True.

[2] To make premise 1) to betrueand Sand H is Truefrom [1] that isSv HisTrue, R
must be True.

[3] To make premise 2) to betrue and R is True from [2], B must be True. S

&

[4] To make premise 3) to be true, =B must be True. B isFalse. <

Contradiction



Since we cannot make all premises to be true and conclusion to be fal se without
the contradiction, then our assumption was wrong.
So the argument isvalid.

b) HR—>H
2P >C
3)(HvC)—>N
4) =N
—R A =P

Proof by Contradiction
Suppose the argument isinvalid. All premises are true. But the conclusion isfalse.

If we try to make the conclusion to be false now, there will be three cases to make
A to be false. We don’t want to start with many cases now. So, first, let so with some
other premises that have only one case.

[1] To make premise 4) to be true, =N must be True. N is False.
[2] To make premise 3) to be trueand N is False from [1], H v C must be False. So both
H and C must be False.
[3] To make premise 2) to betrueand CisFalsefrom [2], P must be False. — <
[4] To make premise 1) to betrue and his False from [2], R must be False.«—— | <]
[5] To make the conclusion to be False, there are three cases:
[5.1] —R can be False. —P can be True. So PisFalse. Ris True. «——
Contradiction

[5.2] =R canbe True. —PcanbeFase. SoRisFalse. PisTrue. |
Contradiction

[5.3] =R can be False. —P can be False. So Pis True. Ris True. <
Contradictions

All the cases lead us to contradiction. Another word, we cannot make all premises
to be true and the conclusion to be false without contradiction. So our assumption was
wrong. So the argument isvalid.

C) D(RvM)——L
2)0—->-R
3)OnA =M

L

Proof by Contradiction
Suppose the argument isinvalid. All premises are true. But the conclusion isfalse.

[1] To make the conclusion to be false, L must be False.



{*** We should not do the following [2]

[2] To make the premise 1) to betrue and —L isTruefrom[1] (L isFase), (Rv M) can
either True or False. That isfour cases. So we should work with other premises first and
come back for this premise later. ***}

[2] To make the premise 3) to be true, O must be True and —M must be true. M is False.

[3] To make the premise 2) to be true and O istrue from [2], —R must be True. Ris
False.

[4] To make premise 1) to betrue and M is False from [2] and R is False from [3], —L
can betrue. (False —» Trueis True.) So L can be False.

Since we can show one situation that all premises are true and conclusion isfalse
without a contradiction, therefore our assumption was right. The argument isinvalid.

pvg—>—r — r—>—(pva)
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r (but r must be T here

Therefore INVALID
Counterexampleis: p=0, g=0, s=1, r=0

Question 4
U ={...,-3,-2,-1,0,1,2,3,... }
Px) ={1,2,34, ..}
Qx) ={...,6,4,2,0,2,4,6...}
Rx) ={0,1,4,9,16,...}
S(x) ={...,-12,-8,-4,0,4,8,12, ...}
Tx) ={...,-15,-10,-5,0,5, 10, 15, ...}
a)
) At least one integer is even.
X (Q(x))

i) There exists a positive integer that is even.
Another word is that there is a number that is both positive and even.

Ix (P(X) A QX))



i) If x iseven, then x isnot divisible by 5.
This case defines in general for any number in Universe. Soitisfor all.
VX (Q(X) > —T(x))
It isthe same as “ Even number is not divisible by 5.”
iv) No even integer isdivisible by 5.
For al x's, it isnot true that there is a number that is even and divisible by 5.

VX = (Q(XX) A T(X))
=— 3IX (QX) A T(X))
“None of them” is equivalent to “Not even some of them”.

V) There exits an even integer divisible by 5.
Another word is that there is a number that is both even integer and
divisible by 5.

X (QMX) A T(x))

Vi) If X iseven and x is a perfect square, then x isdivisible by 4.
Againthisisin general for any number in Universe.

VX ([QX) ARKX) ] — S(x) )

b)
i) True because we can find at least one integer that is even such as 0, 4, -10, etc.

i) True because we can find at least one integer that is both positive and even such
as?2, 4,6, etc.

iii) False because 10, 20 are even but are divisible by 5.
(20, 20 are counterexamples.) (Counterexample is an example to challenge that
the statement doesn’'t have to be true.)
Soitisnot truethat if x iseven, then x isnot divisible by 5.

= It isnot true for all number that if it iseven, thenitisnot divisible by 5.

iv) False because there is some even integer that is divisible by 5 such as 20, 30.
(20, 30 are counterexampl e to show that the statement doesn’t have to be true.)

Actually iii) isequivaent toiv)

i) VX (Q(X) > —T(xX))
= VX (=Q(X) v —T(X) )
= VX =(Q(X) A T(X) )
=—3IX(QX) A T(X)) iv)

V) True because there is some even integer that is divisible by 5 such as 10, 20, etc.



Vi) True because all even perfect squares must be at least afactor of 2* 2.

To be asquare, the number must be a multiple of 2 identical numbers.
Therefore an even perfect square must be (at least) a factor of 2* 2.

We cannot find a counterexampl e to show an even perfect square that is not
divisible by 4.

C)

i) VX[ R(X) > P(X) ]
For al integers x if x is a perfect square then x is greater than O.
= A perfect square is greater than O.
= A perfect square is nonnegative.

i) VX[SX) > QX ]
For al integers x if x isdivisible by 4 then x is even.
= An integer that isdivisible by 4 is even.
I= Aninteger that iseven isdivisible by 4. They are not equival ent.

iii) VX[ S(X) > —T(X) ]
For al integersx if itisdivisible by 4 then it is not divisible by 5.
= An integer that isdivisible 4 is not divisible by 5.

iv) X[ S(X) A =R(X) ]
Thereis some integer that is divisible by 4 but not a perfect square.

d)
)] True because the square of negative, zero, and positive are always positive.

i) True because when a number is divisible by 4, that number is also divisible by 2.
And anumber isdivisible by 2 if and only if it iseven.

iii) False. The counterexamples are 20, 40, ... €etc.
Actualy we don’t need to show all counterexample. Only one exampleis good
enough to say False.

iv) True such as 8, 12, 20, 24, 28, etc.
But 4, 16, 36, 64, ... cannot be such examples.

Question 5
a) — X[ P(X) v Q(X) ]

Laws of the negation of a Quantifier



b)

d)

= Vx [ P(x) v Q(X) ]
De Morgan’'s Law
= VX [-P(X) A =Q(X) ]

= VX[ P(X) A =Q(X) ]

Laws of the negation of a Quantifier
=3IX —[ P(X) A =Q(X) ]

De Morgan’s Law

=3 [-PX) v Q(X) ]

~YX [ P(X) > Q)]
Laws of the negation of a Quantifier
= 3 [ P) > Q) ]
Truth of —
= 3IX [ =P(X) v Q(X) ]
DeMorgan's Law

=3x[PX) A =Q(X) ]
—X[(PX) v QX)) > R(X)]

Laws of the negation of a Quantifier
= VX —=[ (P(X) v QX)) = R(X)]

Truth of —
= VX —[ ~(PX) v QX)) v R(X)]

De Morgan's Law
= VX[ (P(X) v Q(X) ) A =R(x) ]

Distributive Law (if you'd like to)
= VX[ (PX)A=R(X)) v (QX))A—=R(x))]



