HW3 Mathematic Induction and Recursive Definition
(Due at the beginning of class Wed. Feb. 23)

Use your own paper and show work as much as possible.
Mathematic Induction

1. (5 points each, total 20 points) Prove each of the following for all neZ" by the Principle of
Mathematical Induction.

n(2n-1)(2n+1
a. 12+32+52—|— cee +(2n_1)2 _ ( )( )

3
b. 1-3+2-4+3-5+---+n(n+2)=”(”+1)6(2”+7)
c. S I __n
= i(i+1) n+1
n 2 2
d. Yy nn+h
2=

There are two parts to proof by Mathematical Induction
1) Basic Step: proof's(1) (1 means the first value of s(n).)
2) Inductive Step: proof s(k+1) by assuming that s(n) is true from 1 to k.

For each step, we have to show whether the left side of “=" equals to the right side of “=". For

each step of each problem of question 1, we have to show whether the summation equals to the
formula.

=1

a) s(n) =1*+3*+5°+...+(2n-1* = z Qi-1) = (n)(2n-1)(2n+1)/3
Basic Step: n=1
s()  =m@2n-1)2n+1)3 = [1][2(1) = 1][2(1) +1]/3
= [1][1][3]/3
1 (1)
1
.=1(2i-1)2 =1 = 1 2)

. (1) = (2). So the summation equals to the formula in the basic step.



Inductive Step: n = k+1
Assume that s(k) is true.

s(k+1) = [k+1][2(k+1) — 1][2(k+1) + 1]/ 3

= [k+1][2k+2 — 1][2k+2+ 1] / 3
= [k+1][2k+1][2k+3] / 3 (3)

k+1
For Y (2i-1) , since we assume that s(k) is true, we split them into two
i=1

parts, summation of (2i-1)* from i = 1 to k and another part is when i=k+1.

k+1
>Qi-17 = 1P+37+52+ . +02k-1)? + Q&+ —1)
i=1

PP+32+5+ . +02k1) + (k+2-1)
= 12+32+5%+ ...+ (k-1 +  (2k+1)

k

> (2i-1) +  (2k+1)?

i=1

Since we do believe that s(k) is true, we can use the formula for i=1 to k
K+l k

igl(zi— 1) = zl (2i-1) +  (2k+1)?
= [k][2k-1][2k+1]/3  + (2k+1)>?
= (2k+1) ( [k][2k-1]/3 + [2k+1] )
= (2k+1) ( [K][2k-1] + 3[2k+1] )/3
= (k+1) ( 2k*-k  + 6k+3 )/3
= (2k+1) ( 2k* + 5k + 3 )/3
= (2k+1) (2k+3)k+1)/3

_ (k+1)(2k+1)(2k+3)/3 (4)

. (3) = (4). So the summation equals to the formula in the inductive step.



It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).

Therefore 17 +3%+5°+ ... +(2n-1)* = ¥ (2i-1)* = (n)(2n-1)(2n+1)/3.
i=1

b) 1.3+24+35+ ... +n(nt2) = (n)(n+1)(2n+7)/6
= %i(i+2)
Basic Step: n=1
s(1)  =m@+)R2nt7)/6 = [T][T+1][2(1) +7]/6
= [11[2][9]/ 6
= 3 (1)
1
;i(i +2) = 1(1+2) = (H(3) =3 2)
. (1) = (2). So the summation equals to the formula in the basic step.

Inductive Step: n =k+1
Assume that s(k) is true.

s(k+1) = [k+1][(k+1) + 1][2(k+1) + 7]/ 6
= [k+1][k+2][2k+2+ 7] / 6
= [k+1][k+2][2k+9] / 6 (3)

k+1
For X i(i+2) , since we assume that s(k) is true, we split them into two
i=1

parts, summation of i(i + 2) from i = 1 to k and another part is when i=k+1.

k+1
Sii+2) = 13424435+ +kk+2) + (kHD)(k+1+2)
i=1

13424435+ ... +kk+2)  + (k+D)(k+3)

k
Yi(i+2) + (k1))



Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+1

Li(i+2)

k
Y +2) - (kH)(k+3)

= [KI[k+1][2k+7)/6  +  (k+1)(k+3)
= (k+) ( [KI[2k+7)/6 + [k+3] )

= (k+1) ( [K][2k+7] + 6[k+3] )/6

= (k+1) ( 2k*+7k + 6k+18 )/6

= (k+1) ( 2k* + 13k + 18 )/6

= (kt]) (2k+9)(k+2)/6

= (k+1)(k+2)(2k+9)/6 4)
. (3) = (4). So the summation equals to the formula in the inductive step.

It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).

n

Therefore 1.3 +2.4+3.5+ ... +i(i+2) = 2 i(i +2) = (n)(nt+1)(2n+7)/6.
i=1

c) s(n) = _zl 1/ [i(i+1)] = (n)/(n+1)
Basic Step: n=1
s()  =(n)/(n+1) = [1]/]1 +1]
= 12 (1)
1
X101 ()] =1 )



. (1) =(2). So the summation equals to the formula in the basic step.

Inductive Step: n=k+1
Assume that s(k) is true.

s(k+1) =[k+1]/[(k+1)+ 1]
=[k+1]/[k+2] 3)
k+1

For > 1/[i(i+ 1)], since we assume that s(k) is true, we split them into two
i=1

parts, summation from 1 = 1 to k and another part is when 1=k+1.

I

k+1 k
LULG+D] = TUEGED] + 1/ [kt
k
= STUGED] + 1 [ )k2)]

Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+1

% 1/ i +1)]

I
M~

Ui (+D)]  + 1/ [(k+1)(k+2)]

i=1

—_
I

= K]/ [k+1]  + 1/ [(k+1)(k+2)]
= [k + 1/(k+2) ] /[k+1]

= [( k(k+2) +1)/(k+2) 1/ [k+1]
= [( K42k +1)/(k+2) ]/ [k+1]

= [K*+2k +1 ]/ [k+2][k+1]

= (k+1)? / [k+2][k+1]

= (kt1)/ (k+2) 4)

. (3) = (4). So the summation equals to the formula in the inductive step.



It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).

Therefore = > 1/[i(i+1)] = (n)/(n+1).
i=1
d) s =% Po= M)n+)4 = ( > )
Basic Step: n=1
s()  =(1H+1)%4 = [1][2]*/ 4
= 4/4
= 1 (1)
1
it =1 = 1 Q)
i=1
1
(i) = W = 1 3)
. (1) =(2) = (3). So the summation equals to the formula in the basic step.
Inductive Step: n = k+1
Assume that s(k) is true.
s(k+1) = [k+1P[(k+1) + 117/ 4
= [k+1°[k+2]* / 4 4)

k+1
For Y i ,since we assume that s(k) is true, we split them into two
i=1

parts, summation of i* from i = 1 to k and another part is when i=k+1.

k+1

k
> = > + (k+1)°
i=1

i=1



Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+1 k
;P = ;P + (k+1)°

= [kP[k+1]°/4 + (k+1)°

= k+1)* ( [k]/4 + [k+1] )

= (k+1)* ( [K]* + 4[k+1] )/ 4

= (k+1)* ( K*+4k+ 4 )/4

= (k+1)* (k+2)*/4 (5)
k+1

For (Y i )’ since we assume that s(k) is true, we split them into two
i=1
parts, summation from i = 1 to k and another part is when i=k+1.
K+l

k
(Ziy = (Zi+ () Y

{(a+b)’=a’+2ab+b*}

k k
(i) +2(Z )0t + kD)’

Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+1

(i

k k
(i) +2(Z )0+ (kD)

k
[KP[k+1]7/4 + 2( Z:lli)(k+1) + (k+1)?

{ éi = n(n+1)2 }



= [K[k+1]%/4 + 2 (k(k+1)2) (k+1) + (k+1)
= Kk+1)* /4 + kk+1) (k+1) + (k+1)?

= K*(k+1)?/4 + k(k+1)? + (k+1)

= k+t1)* [ K)*/4 + k + 1]

= k+t1)? [ (kK)* + 4k + 4]/ 4

= (k+1)* (k+2)*/ 4 (6)

¢ (4)=(5) = (6). So the summation equals to the formula in the inductive step.

It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).

™ =

Therefore o= @)(n+1)/4 = (gli)2

i=1

2. (6 points each, total 18 points) Establish each of the following for all neZ" by the Principle
of Mathematical Induction.

a. an2i_l =22i=2n—1

b. Mi@)=2+(n-1)2""

i=1

c. Zn:(1)(i!) =(n+1)-1

8 sm=x2" = X2 = 2"
iz“ = 2" -1
Basic Step: n=1
s() =2'-1 - 2-1

1 (D



ot = = 20 = 1 Q)

i=1

1-1

- 0

Y2 = Y2 = 2° = 1 (3)

i=0 i=0

. (1) =(2) = (3). So the summation equals to the formula in the basic step.

Inductive Step: n=k+1
Assume that s(k) is true.

s(k+1) =21 -1 4)

k+1
For Y 2"' | since we assume that s(k) is true, we split them into two
i=1

parts, summation of 2" from i =1 to k and another part is when i=k+1.

k+1

Z 21-1

i=1

21-1 + 22-1 + 23-1 + N +2k-1 + 2k+1-1

k .
— z 21—1 _|_ 2k
i=1

Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+l
> 2" = 2.1 + 2
i=1
= 26+25 -1
{ata=2a}
= @Y -1

{an. a'rn:an-%—m}



— 2k+1 _ 1 (5)

k+1-1 k k1

For Y 2'=Y 2', we assume that s(k) =Y 2' is true.
i=0 i=0 i=0

k+1-1 k
i 2 = 2.2
i=0 i=0
k-l
= 2 + 2
i=0

Since we do believe that s(k) is true, we can use the formula for s(k).
= 2.1 + 2

2(2%)-1

¢ (4) =(5) = (6). So the summation equals to the formula in the inductive step.

It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).

n n-1

Therefore Yo = Yol = 2" -1
i=1 i=0

n .
b) s(n) = gl i)y =2+ (12"
Basic Step: n=1
s() =2+ (1-1)2"™! = 2+ (0)2°
2 (1)

1
Y i(2") =12h= 2 )
i=1

. (1) = (2). So the summation equals to the formula in the basic step.



Inductive Step: n =k+1
Assume that s(k) is true.

s(k+1) = 2 + (k+1-1)281"!
= 2 + (k2" 3)

k+1
For X i(2"), since we assume that s(k) is true, we split them into two
=1

parts, summation of i(2) from i = 1 to k and another part is when i=k+1.
Kl ko
Yi2"h) = > i(2Y) + (k+1)(2"™
i=1 i=1
Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+1

> i2h)

i=1

2+ (k-1)2"! + (kDR

= 2+(2"DH [ KD+ (kD) ]
= 2+(2"")[2k]

= 2+k(2"")2

= 2+k(2

= 2+k(2"?) (4)
. (3) = (4). So the summation equals to the formula in the inductive step.

It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).
n

Therefore Y i2') = 2 + (n-1)2""!

i=1

0 st = ifl(i)(i!) = (@) -1



Basic Step: n=1

s() = (A+D!-1 = 21-1
= 2-1
1 (D
1
Zli(i!) = 1(11)= 1 (2)
. (1) = (2). So the summation equals to the formula in the basic step.

Inductive Step: n = k+1
Assume that s(k) is true.

s(k+1) = (k+1+1)! -1
= (k+2)! - 1 3)

k+1
For 1(1! ), since we assume that s(k) is true, we split them into two
1

1=

parts, summation of i(i!) from i = 1 to k and another part is when i=k+1.
k1 k
2 i(31!) = 2. (i) + (k+1)(k+1)!
i=1 i=1
Since we do believe that s(k) is true, we can use the formula for i=1 to k

k+1

% i)

k+1!-1 + (k+1)(k+1)!

= (k+1)! + (ktD)KFD! -1
= (kHDI[1+(KHD)] -1
= (k+D)! [k+2] -1

{ (n42)! = (n+2)(n+1)! }

= k2 -1 (4)

. (3) = (4). So the summation equals to the formula in the inductive step.



It is true for both basic step, s(1), and inductive step, when s(k) — s(k+1).

Therefore Zn‘,l Ha = (n+1)! - 1

3. (8 points) Determine the positive integer n for which

i=1 i=1
z,li =n(n+1)/2
>i#  =nn+])(2n+1)/6
i=1
2n n
i = > i
i=1 i=1
2n(2n+1)2 = n(n+1)(2n+1)/6
n(2n+1) = n(nt1)(2n+1)/6
2n+1) = (n+1)(2nt1)/6
1 = (n+1)/6
6 = (n+1)
n = 5 Answer.

4. (8 points) Consider the following four equations:

a. 1=1
b. 24344 = 1+8
c. 5+6+7+8+9 = 8+27

d. 10+11+12+13+14+15+16 = 27+64
Conjecture the general formula suggested by these four equations, and prove your conjecture.



n=1: 1 = 1
2: 2+3+4 = 1+8
3: 5+6+7+8+9 = 8+27
4: 10+11+12+13+14+15+16 = 27+ 64
n: ((n-1)°+1) + (n-1)*+2) +...+ n* = (n-1)* +n’
Therefore we can define it as
1’12
s(n) = i = (n-1)° + 0’ when n >= 1
i=(n-1)* + 1
Proof by Mathematical I nduction
Basic Step: n=1
sm) = (1-1)’*+1°=0+1=1 (1)
n’ 1? 1
2 i = 2 i = 2i =1 ()
i=(n-1)*+ 1 i=(1-1)* +1 i=1
. (1) =(2). So the summation equals to the formula in the basic step.

Inductive Step: n=k+1 (by assuming that s(k) is true.)

S(k+1) = (k+1 -1)* + (k+1)*
= K+ (kt1)’ A3)
n’ (k+1)?
2 i = 2
i=(n-1)> + 1 i=(k+1-1)* +1
(kt1)?

2 4)



i=k* + 1

12
By our assumption is, s(k) = X i = k-1 +&° is true when k > 1.
i=(k-1)*+ 1

So we will split the summation to contain the form of s(k).

From (4)
(k+1)°
S(k+1) = 2i
i=k* + 1
(k+1)? 'S
= 2i - 2

i=(k-1)*+ 1 i=(k-1)*+ 1

(k+1)*

2 i - [(k-1)’+k’] (because of assumption.)
i=(k-1)* + 1

kt1)? (k1)
i -2 - (k-1 + K]
i=1 i=1

Use the formation of summation fromiis 1 ton =n(n+1)/2.
= (kD K+ +1) /2 - (k-DH((k-1)*+1)/2 - [(k-1)’+k ]
= (K+2k+ D(K*+2k+1+1)2 - (K*-2k+ 1)(K*-2k+ 1+ 1)/2

- (k-1 + K]

= (K*+ 2k + D(K* + 2k + 2)/2 - (K -2k + (K -2k +2)2
- [(k-1)* + K]

= (K'+ 210 + 2K + 2K + 4K7 + 4k + K+ 2k +2) /2
- (K- 2K+ 2K - 2K + 4K - 4k + kP - 2k +2) /2



- (k-1 + K]

= (k*+ 2K + 2Kk* + 2K> + 4Kk* + 4k + k2 + 2k + 2
- K+ 2K - 2k 4+ 2k7 - 4KP + 4k - kP + 2k -2) /2
- (k-1 + K]

= (8K’ +12k)2 - (k-1 + K7
= 4K° + 6k - [(K = 3K> + 3k —1) + k°]
= 43 + 6k - K +3K*-3k+1-K

= K+3K2+3k+1  +K

= (k+1) +k (5)

So (3) = (9).
Thus it is true for the inductive step ( s(k) — s(k+1) ).

It is true for both basic and inductive step.

2
n

Therefore s(n) = i = (-1)* +n’ when n >=1
i=(n-1)*+ 1

5. (8 points) During the execution of a certain program segment (written in pseudocode), the
user assigns to the integer variables x and n any (possibly different) positive integers. The
segment shown in the following figure immediately follows these assignments. If the
program reaches the top of the while loop, state and prove (by mathematical induction) what
the value assigned to answer will be after the two loop instructions are executed n(>0) times.

while n#0
{
X =x*n
n :=n-1
¥
answer :=x

For x, n as read-in positive integers from a user,



While n# 0 do

begin
X:=X%*n
n:=n-1
end
answer := X

The segment of program calculate the multiplication of x and n that decrease by 1 from n
to 1. So the segment of program should calculate x(n!). Let use the Mathematical Induction
technique to proof it.

The proof is between the final answer of the segment of the program and our hypothesis,
x(n!).

Basic Step: n=1

Our hypothesis is x(n!) = x(1!) =x.
Before the execution of the loop, x is X, and n is 1. At the first loop, the condition,
n # 0, is true. So x is X(1) = x. Then n = 1-1=0. So the condition is false. The loop stops.

Therefore the answer is X.

So it is true that the program segment calculate x(n!) for the basic step.

Inductive Step: n=k+1

From our hypothesis, the program segment should calculate x(n!) = x.[(k+1)!]

For the inductive step, we assume that the program segment calculate x(n!) until n = k.
That means, if the program segment run for k loops, the program segment will calculate x(k!).

When n = k+1, there is one more loop on the first loop before k loops execution. So the
final value of variable x will be x(k!) * (k+1) = x[ (k+1)! ].

So it is true on the inductive step.

Because our hypothesis is true for both basic and inductive step, therefore the program
segment calculate x(n!).

Recursive Definition



6. (3 points each, total 18 points) The integer sequence a;,a,, as,...., defined explicitly by the

formula a,=5n for ne Z", can also be defined recursively by

1) a;=5; and
2) ap1=a,t+5, for n>1

For the integer sequence by, by, bs,..., where b,=n(n+2) for alln € Z*, we can also
provide the recursive definition:

1)’ b;=3; and
2)’ bp+1=byt2n+3, for n>1

Give a recursive definition for each of the following integer sequences cy, ¢», c3, ...,
where for allne Z* we have

a) Cy=7n b) C,=7"

c) C,=3n+7 d) C=7

e) Cy=n’ f) Ci=2-(-1)"
neZ

To recursively define, we have to define:

1. the recursive part that define the value of the index n from the index n-1 or n-2
or n-3 or ... of which index is less than n,

2. the initial-value part that is enough for any value of index n in the recursive

part. Mostly we need only C,. For some cases, we might need C,, Cs, or C4 or ... depending on
how we define the recursive part.

a)

Ca = n
C = i = 7
G = 702 = 4 = 7+ = C+7
G = 13 = 21 = 1447 = Co+7
Ca = 74 = 28 = 2147 =  C+7
Cn = Cn-] + 7

So the recursive part is C, = C,.1 + 7.

If we want to know C,, we need to know C,._;.
If we want to know C,.;, we need to know C,.,.

If we want to know Cy4, we need to know Cs.



If we want to know Cs, we need to know C,.
If we want to know C,, we need to know C;.
(butn € Z", no Cy)

If we want to know any C, we need C;
Another word we don’t know C;, we can’t know the value of any C,.

So we have to define C; for the initial-value part.
C1 = 7

Therefore the recursive definition is:

C1 = 7
Cn:Cn_l +7.
b) C, = 7"
C, = 7! = 7
C, = 7? = 7le7 = Cl*7
Cs = 73 = 77 = C,*7
Cs, = 74 = PET = Cy*7
C, = 7" = 70D % 7 = Coi*7

So the recursive part C,= C,.; * 7
If we want to know a value of C at an index, n, we need to know the value of C at its
previous index. So if we define C;, we will know C,, then Cj, then C4 and so on. So the initial-

value part must define C,

Therefore the recursive definition is

C] =1.
Cn = Cn-l *7.

C) Ca = 3n+7
C, = 3()+7 ~ 10
c, = 3(2)+7 = 13
C; = 303)+7 ~ 16
C, = 3(4)+7 = 19
Cn-l = 3(11-1) +7

C. = 3m)+7



d)

The deferent value between two consecutive C is by 3.
SO Cn = Cn_l + 3.
Again only one one-step previous value of C needs to get the value of C.
If we knows C;, we can fine C,.
If we knows C,, we can fine Cs.
and so on.
So the initial part is C;.
Therefore the recursive definition is

C1:10
Ch= Cu1t3.

N9

(@I
? .
<

The value of C at any index n is exactly the same as it previous value (index n-1).
SoC, = Cyi

Again If we knows C;, we can fine C,.
If we knows C,, we can fine Cs.

and so on.
So the initial part is C;.
Therefore the recursive definition is

C1 = 7
Cn = Cn_1.



c, = 12 = 1

C, = 2?2 = 4 = Ci+3 = C; +2(2)-1
C; = 32 = 9 = Cr+5 = C, +2(3)-1
C, = 4 = 16 = Cs+7 = C3+2(4)-1
Cs = 52 = 25 = Cs+9 = C4+2(5)-1
Cs = 6> = 36 = Cs+ 11 = Cs+2(6)-1
c;, = 77 = 49 = Ce+ 13 = Co+2(7)-1
Cy = g2 = 64 = C;+15 = C;+2(8)-1
Cl’l = Cn-] + 21’1 - 1

However that is not the recursive definition because the value of C, is not only from
previous value(s) but also depends on n.

Let look at C; that is C¢ + 13. Consider the 13. It is from 11 + 2. The 11 is the difference
between Cg and Cs.
So actually, C; =C¢+ 13
= C6 +11+2
=Ceg+Ce—Cs+2
=2Cg - C5 +2

The same as Cg =Cs +11
:Cs +9+2
=Cs +C5s—-C4 +2
=2Cs5 -C4 +2

The same as Cs =2C4—C3+2 = 2(16)-9+2
= 25

Cy = 2C;—-Cr+2

2(9)—4+2

16

So the recursive part is C, = 2Cp.; — Cpa + 2.

Now if you want to a value of C at index n, you need to know two previous values of
index n that are C,.; and C,.,.
So If we know C; and C, then we can find C;.
If we know C, and C; then we can find Cs.
If we know C; and C4 then we can find Cs.

and so on.



If we know C; and C, then we can recursively find any C,,.
Therefore the recursive definition is:
C] = 1

Cz =4
Cn = 2Cn_1 — Cn_z + 2.

Ch = 2—(-)"

C 2-(-D' = 2-(1)=2+1 = 3
C, = 21 = 2-(1) =21 = 1
C = 2-(-1P = 2-(1)=2+1 = 3
C, = 2-¢-D= 2-() =21 = 1
Cs = 2-(-1 = 2-(1)=2+1 = 3
Cs 2—-(-D° = 2-(1) =21 = 1

It is almost the same as question 1.d). But its value is from the second previous value.
Cn = Cn—2

If we know C;, we can find Cs.
If we know Cs, we can find Cs.
If we know Cs, we can find C.
If we know C7, we can find Co.
..., and so on.

However only the C’s of odd index. If we want to know C4, we need C;.
If we know C,, we can find Cg.

If we know C4, we can find Cs.

If we know Cg, we can find Cs.

If we know Cg, we can find Cyy.

..., and so on for all even index.

That means, to find any C, the initial values must be C; and C,.

Therefore the recursive definition is:

C1 =3
Cz = 1
C, = Cha



7. (8 points) For n>0 let F,, denote the nth Fibonacci number. Prove that

F0+F1+F2+'”+Fnzlzn:4)|:i:Fn+2_1

Fo+F +F,+...+F, = XF = Foro - L

Recursive Definition of Fibonacci number:

Fo =0
F] =1
Fn = Fn-l + Fn-2

Proof by Mathematical Induction

n

Basic Step: n=0 the first valid value of J'F..

i=0

S(O) = F()+2 -1 = F2 -1
from recursive definition = Fi+Fy-1
= 1 +0-1
= 0 (1)
0
XF = Fo (2)

(1) =(2). So it is true on at the basic step.

Inductive Step: n=k+1

S(k'H) = Fiii2 -1 = Fis - 1 (3)
k+1
ZFi = F0+F1+F2+F3+...+Fk+Fk+1.
i=0
k+1 k

Since we assume it is true until k, we split the 2 F; into two parts, 2. F; and Fy.
=0 =0

k+1 k



2F = 2 F + Fun
i=0 i=0

k

Since we do believe it is true until k, > F; = Fyo - 1
=0

k+1
Z:oFi = (Fxki2 - 1) + Fin
= Fiio + Fien - 1
By the recursive definition F, =Fp.1 + Fno, Fyis from F of its two previous
values.
Fn+1 = Fn + 1:n-l
For =Fpe1 + Fa
Fas =Fp2 + Fon
So Fiis = Fiea + Frn
k+1
From > F; = Fiio + Fin - 1
i=0
= Fi+3 -1 (4)

(3) =(4). So it is also true at the inductive step.
It is true for both basic and inductive steps. Therefore

Fo+F +F,+...+F, = XF = Foa - 1.

8. (6 points each, total 12 points) Give a recursive definition for the set of all
a. Positive even integers.
b. Nonnegative even integers.

a) Recursive definition of the set of all positive even integer.
C1 = 2
C, = 4 = 242 = C +2



GG = 6 = 42 = (C+2
C, = 8 = 682 = C+2

Cn = Cn-] + 2.

Again if we know C,, we can find C,, then Cs, then C4, and so on to any C,.

Therefore the recursive definition is:

C1 = 2
Ca = Cp +2.
b) Recursive definition of the set of all nonnegative odd integer.

Almost the same as even, the recursive part is C, = C,,.; + 2 because it is also the
difference of 2. But the initial value, C; is 1, (the first value of nonnegative odd integer.)

Therefore the recursive definition is:
C] = 1
Cn = Cn-] + 2.

*#* However if the question a) is the recursive definition of the set of all nonnegative even
integer. C, is not 2 but C; is 0, the first value, instead.



